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Create your own reality, don’t wait for happiness. It is only in creating that
that that that that joy that you can be in the zone.
Amir Bloomenfeld.

ABSTRACT

This thesis explores two notions of non-classicality —negative quasiprobability and state independent contextuality— known to have close
connections to quantum computing. It is specialized to multi-qubit
systems and the proof techniques used are based on the discrete
phase space formalism.
Technically, we derive three original results. First we show that
no real-Clifford covariant phase space representation exists. Then we
move on to state-independent contextuality (SIC). In this regard we
prove that SIC arises generically in large sets of phase space observables and we derive a Hamiltonian witness that detects SIC through
frustration. Beyond this, we present several ideas about how to work
around our no-go theorems and about how to extend them.
The motivation for our work comes from quantum computing with
magic states. When working over qudits, techniques native from the
phase space formalism have been used to understand the resources
needed in this computational model. In particular, negativity in the
discrete Wigner function and contextuality have been identified as
resources for the model. The situation is much less clear in the case
of qubits.
This thesis is an effort to clarify this situation; our results serve
as guides when constructing qubit schemes for quantum computing
with magic states. Concerning Clifford covariance, we obtain a restriction on how to construct schemes in which negative quasiprobability
is a resource. Concerning SIC, we provide simple tools to predict for
which schemes contextuality is expected to be a resource.
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N O TAT I O N

I use the following conventions,
• Lower case latin letters will denote either elements of phase space
or complex numbers.
• Calligraphic math style letters, A, B , C , ..., will be used to denote collections of objects. For example A will be the WignerWootters operator basis, V phase space, D and C the HeisenbergWeyl and Clifford groups, et cetera.
• Greek letters will be used for maps almost exclusively, with a
few exceptions where they will be used as elements of phase
space or of a discrete field.
• Frak-style letters, A, B, C, ... will be used to denote graphs and
hyper-graphs.
• For a set of elements in some vector space X = {v1 , ..., v N } and
a linear transformation M acting on that space, M · X will be
used to denote the set { Mv1 , ..., Mv N }.
• For a set of operators E = { E1 , ...} and a unitary U, U E U † :=
{UE1 U † , ...}.
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1

INTRODUCTION

We are arguably still far from proposing a scalable quantum computer. An important part of any candidate proposal would involve a
description of how the device would carry out a computation, i.e. a
computational model.
Within a computational model a set of procedures is identified as
elementary: taking as an example the circuit model of classical computing [69, Chapter 3], the elementary procedures may be chosen to
be the logical OR between any pair of bits, together with the negation of any bit. These two procedures allow for universal computation,
which means that one may simulate any Turing machine using a logical circuit which only contains OR and NOT gates.
Nowadays, a number of quantum computational models exist, each
one being drastically different from the others, cf. [69]. In any such a
model there may be some elementary operations which are ‘easy’ or
‘freely available’ to perform while others are hard.
Within the framework of fault tolerant quantum computing, it has
become canonical to identify Clifford operations as easy.1 At the heart
of it, this is because Clifford operations typically have a simple lowoverhead fault-tolerant implementation using stabilizer codes, arguably
the most profoundly studied platform for acheiveing fault tolerance [21,
44, 53, 68].
More specifically, one may argue that Clifford operations may be
regarded as easy for the following two reasons. First, as shown by the
Gottesmann-Knill algorithm, Clifford operations do not provide any
advantage over classical computation [45]. Second, when performing error correction with stabilizer codes, Clifford gates typically admit a transversal implementation [14, 21, 39]. A precise definition of
transversality is beyond the scope of the present work (see e.g. [90]),
but it suffices to point out that implementing a fault-tolerant gate
transversally requires drastically fewer resources than implementing
it non-transversally [14].
Any set of operations which may be implemented transversally are
known not to allow universal quantum computing [90]. Therefore,
one must include some hard procedures as well, such a procedure
may be understood as a resource for the model.
It is hoped that a computational model can be found in which the
necessary resource is as accessible in practice as possible. Importantly,
1 These include preparation of stabilizer states, unitary evolutions from the Clifford
group and Pauli measurements (or a suitable higher-dimensional generalization
thereof [46]).
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understanding the resources needed for current models is a first step
for acheiving this goal.
This thesis is aimed at improving our understanding of the model
of quantum computing with magic states [16]. In this model, the quantum computer is conceptually separated into a main system and a set
of ancilliary systems.
The easy component of the model is preparing the main system into
the |00...0i state and performing joint Clifford operations on the main
system and the ancillas. The resource of the model are the initial states
of the ancillas, unsurprisingly known as magic states. For models over
qubits the ancillas are typically taken to be initialized in the state [14]
π

| A i = |0i + e i 4 |1i .
In a manner analogous to entanglement distillation, magic states
may be distilled out of many-body ‘raw states’ using Clifford unitaries and Pauli measurements [5, 14, 15].2 Of course, not any quantum state may be used as such a raw state, case in point: the maximally mixed state. The question then arises of whether we can find a
simple property which tells us whether, given a many-body quantum
state, we may distill a magic state from it. Such a property could have
the interpretation as the underlying necessary resource for performing
universal quantum computation.
In answering this question one comes across a peculiarity: the answer depends on whether one is working with qubit systems or odd
qudit systems.
For qudits, it has turned out that techniques native from the stabilizer formalism may be used to provide two such properties [50,
84]. The two properties have furthermore been proven to be equivalent [34]. Let us stop for a moment and quickly explain what these
measures are.
The first is contextuality, the raw state must give rise to contextual
statistics with respect to Pauli measurements [50]. Contextuality may
be vaguely understood as a label ‘these statistics cannot be explained
classically’. Specifically, imagine you have a particular quantum system on which you may measure some observables A, B, C. A and B
are jointly measureable and so are B and C, however A and C are not
jointly measureable. The joint measurements { A, B} and { B, C } are
known as contexts. The statistics arising from this measurement are
non-contextual if they may be explained by a model in which the outcome of measuring B does not depend on whether it was measured
together with A or C: if it does not depend on the context. If this is
not the case, the statistics are said to be contextual.

2 As an added note, I should point out that these are not the only types of magic state
distillation protocols available. For example, in [23] the authors use fault tolerant
operations arising from Reed-Muller codes instead.
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The second property is related to quasiprobability representations
of quantum mechanics. In such a representation, one describes a system by some real valued function µρ instead of a density matrix ρ [82].
This function µρ is normalized and has several properties which make
it similar to a probability distribution, however it may have negative
values. Hence the name, quasiprobability. Because of this close analogy to probability theory, negative quasiprobability is considered a
signature of non-classicality [52].
A particularly elegant way of constructing such a representation is
by letting the domain of µρ be some symplectic vector space, a phase
space representation. The particular case of such a construction relevant here is the Wigner-Wootters function [46, 89]. The connection with
quantum computing is made in [84] where the authors propose a
method for efficiently simulating Clifford circuits acting on an initial
state with positive Wigner-Wootters function. It follows that negativity in this function is necessary for raw states: it is a resource.
Key properties regarding this result are [46]: 1. that stabilizer states
are the only pure states with positive Wigner-Wootters function, and
2. that a unitary evolution from the Clifford group induces a reshuffling of the values of the Wigner-Wootters function.
In striking contrast to the results above, neither of these properties
are resources for quantum computing with magic states over qubits.
For the part of contextuality this follows from the fact that multiqubit Pauli measurements display state independent contextuality (SIC)
[67, 72], so that e.g. even the maximally mixed state also yields contextual measurement statistics. To paraphrase [33] ‘if contextuality is
generic, it cannot be a resource’. As for negativity in the Wigner-Wootters
function, it may be shown that —for qubits— a positively represented
state may be mapped to a non-positively represented state using
some Clifford unitary [46, 92]. It follows that negativity with respect
to this representation cannot be a resource.
Since most quantum algorithms are phrased and understood in
terms of qubits, addressing this issue is of utmost importance. Indeed
it has attracted a good deal of attention in recent years [33, 76, 92].
In this situation, several questions come up. For one part, given that
there are many proposals for discrete Wigner functions, could we find
one in which negativity is a resource? This question was recently answered negatively in [92]. Further, if we would restrict even more our
set of easy measurements and unitaries, could it be such that contextuality and negativity are again elevated to resources? Yes [33, 76].
The answer provided in [33] is given by considering a much more
restricted set of unitaries and measurements, those which arise from
Calderbank-Shor-Steane (CSS) stabilizer codes.3 As to the result in [76],
the authors prove that whenever state independent contextuality is

3 For an introduction to the topic see [39, Chapter 8].
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not present in the measurement statistics, contextuality is again a resource.
Given the latter results, one can ask whether one may revive the
concept of negativity and contextuality as resources in models which
include a set of unitaries and measurements which lies in between: not
as general as those arising from the whole stabilizer world, and not as
restricted as those arising from the CSS stabilizer world. Furthermore,
for the part of whether negativity can be a resource, we could explore
informationally over-complete phase space representations. These are
the places where the present research fits into the big picture.
With this background, this is the brief summary of the original
results obtained here.
1. There exists no multi-qubit phase space representation which is covariant with respect to the real Clifford group.
2. Large sets of Pauli observables chosen at random are SIC with high
probability. These observable sets subject to an algebraic constraint: being closed.
3. We obtain an Ising-like Hamiltonian witness deciding whether a set
of Pauli observables is SIC. The Hamiltonian is frustrated if the
observable set is SIC.
The first result implies that negativity in phase space representations cannot be a resource for any computational model in which
real Cliffords are easy. The other two results provide tools to predict
for which computational models contextuality is expected to be a resource.
The thesis is organized as follows. In Chapter 2 I introduce the
phase space formalism which is the language in which the results of
this thesis will be expressed. In Chapter 3 the no-go theorems regarding point 1 are derived. Chapter 4 studies state independent contextuality, addressing points 2 and 3. Finally in Chapter 5 I provide a
summary and concluding remarks for this work.

2

T H E P H A S E S PA C E F O R M A L I S M

This chapter introduces the formalism which will be used to express
the results in this thesis. The focus will be on finite dimensional quantum systems of dimension pn for some prime p, although the formalism may be extended in a rather straightforward manner to other
dimensions. The formalism has certain differences between the cases
p = 2 and p 6= 2 so that at times it will be necessary to branch off to
explore the details in either case.
This thesis is concerned precisely with exploiting these differences
to arrive at new no-go theorems relevant to quantum computing with
qubits. Therefore we will dwell longer on the details of the formalism
when p = 2, and only present the p 6= 2 case for the sake of contrast.

2.1 the heisenberg weyl group
Our story begins with the construction of the Heisenberg-Weyl group.
Consider a system with Hilbert space H = C p ⊗ ... ⊗ C p = (C p )⊗n ,
and let the space of linear operators over H be denoted L(H). On each
one of the tensor factors, consider the following operators defined by
their action on the computational basis
X | a i = | a + 1i
Z | ai = ω a | ai ,

(2.1)

where arithmetic within the kets is modulo p and ω is a nontrivial
p-th root of one.1 These operators are generalizations of the Pauli
matrices, and just as with Pauli’s, they projectively commute:
ZX = ωXZ.

(2.2)

Furthermore, notice that
X p = Z p = 1.

(2.3)

We will usually denote by Xi , Zi the X and Z operators acting on the
i-th tensor factor.

1 Commonly, ω is chosen to be exp 2iπ
p . Notice that for the case p = 2, the only possible
choice is ω = −1.
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Definition 1. The Heisenberg-Weyl group is a matrix group over
H generated by
• tensor products of { Xi , Zi } when p is odd,
• tensor products of { Xi , Zi } together with i1 when p = 2.
In the case p is odd, the group is denoted by Dd whereas in the
case p = 2 by D .
Remark 1. As a convenience, we will use the abbreviation HW
group to denote the Heisenberg-Weyl group when we wish to
make statements without commiting to either case D or Dd .
Remark 2. The projective commutation of X and Z implies
that any pair of elements of the HW group projectively commute.
Remark 3. Z p , the set of integers modulo p, will be used extensively throughout this thesis. It forms an algebraic field, in the
sense that it admits addition and multiplication that obey the
standard rules we all know about these operations, including
being invertible. This type of field is called a discrete or Galois
field. A nice reference on this subject is [62].
Remark 4. For the case of qubits, the underlying discrete field
is Z2 —it is said to have characteristic two as every element
is it’s own additive inverse. Fields with characteristic two are
known to lead to peculiar behaviour in mathematics. For example, although algorithms for producing continued fractions
of numbers in other characteristics have been known for long,
it was until recently that such an algorithm was provided for
characteristic two [95]. It will be important to have in mind
2
that every element in Z2n
2 is its own additive inverse.
Because of (2.3), within the HW group we will usually encounter
factors of the form X α1 ⊗ ... ⊗ X αn , or Z α1 ⊗ ... ⊗ Z αn , where all αi ∈ Z p .
These elements may be more succinctly expressed collecting all the
α’s into a single vector a = (α1 , ..., αn ) ∈ Znp , as X ( a), or Z ( a). Furthermore, all the generators of the HW group projectively commute, so
up to a phase any element of the group is given by Z ( a) X (b) for a
pair of vectors a, b ∈ Znp . This motivates reorganizing indices into a
vector u = ( a, b) ∈ Znp × Znp , so that any such element may be written,
up to a phase, as T (u). For matters of convenience, we give a different
definition of T (u) for the even and odd dimensional cases.

T (u) =


 ω − 2−1 a · b X ( a ) Z ( b )

for p odd,

(−1) a·b X ( a) Z (b)

for p = 2,



2 The object Z2n
2 is a 2n-dimensional vectorspace over the field Z2 .

(2.4)

2.1 the heisenberg weyl group

where · means the usual dot product and 2−1 is the multiplicative
inverse of 2 in Z p . These operators are known as displacement operators.
One may present the HW group simply in terms of these:

Dd = ω t T (u) | t ∈ Z p , u ∈ Z2n
p
t
2n
D = i T (u) | t ∈ Z4 , u ∈ Z2 .

(2.5)

From these equations, it follows that the HW group has order

|Dd | = p2n+1

(2.6)

2n+2

(2.7)

|D| = 2

.

Furthermore, it is simple to check that
tr T (u) = pn δu,0 ,

(2.8)

In other words, the only elements of the HW group which are not
traceless are the scalars.
There exists one family of faithful irreducible representations for
the HW group, up to unitary equivalence. This family is indexed
by characters of Z p . Because p is prime each representation corresponds to choosing a non-trivial p-th root of unity for ω. For the
case of qubits, the second inequivalent irreducible representation correspond to changing i to −i in (2.5). This is the content of the finite
dimensional Stone-von Neumann theorem [47], [42, Theorem 5.5].3
Now, take any pair of elements u = (u x , uz ) and v = (v x , vz ) in
Znp × Znp , then it holds for any value of p that
T ( u ) T ( v ) = ω u x · v z T ( u + v ).

(2.9)

Therefore, the HW group forms a projective representations of the
Abelian group Znp × Znp :
Heisenberg-Weyl/Phases ∼
= Znp × Znp .

(2.10)

Since for both cases, even and odd, the projective HW group has the
form given above, we will use the same symbol to refer to the group
in both cases, D . One may further endow D with the extra structure
of a vector space, since it is a cartesian product of algebraic fields
Z2n
p = Zp × Zp × · · · × Zp.
This vector space will be called phase space and denoted by V .

3 The Heisenberg-Weyl group is commonly referred to as the extra-special p-group in
mathematics literature.
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Because the expression u x · vz will appear frequently, we shall give
it a special name,

V × V
χ:

(u, v)

→ Zp
7→ u x · vz .

This function is bilinear and naturally defines a quadratic form over
V,
κ (v) = χ(v, v) = v x · vz .

(2.11)

Equation (2.9), together with (2.8) also implies that the HW group
is irreducible. In fact, the (2n )2 displacement operators form an orthonormal basis of L(H) with respect to the trace inner product:
tr T (u)† T (v) = pn δu,v .

(2.12)

Using the product rule (2.9) above, one may also easily calculate
the group commutator between displacement operators

[ T (u), T (v)] = ω ux ·vz −uz ·vx = ω χ(u,v)−χ(v,u) .

(2.13)

This commutation relation motivates the definition of a symplectic
product over V ,

[u, v] = χ(u, v) − χ(v, u).

(2.14)

Notice we use the same symbol for the group commutator and the
symplectic product, however this should not cause confusion as long
as the nature of the arguments is clear. For the case of qubits, of
course, since there are no minus signs over Z2 , the symplectic product
reduces to

[u, v] = χ(u, v) + χ(v, u).

(2.15)

In this case, the following relation between the symplectic product
and the quadratic form holds

[u, v] = κ (u + v) + κ (u) + κ (v).

(2.16)

In any characteristic, it holds that
κ (u + v) − κ (u) − κ (v) = χ(u, v) + χ(v, u) := Q(u, v).

(2.17)

The function Q, called the polar form of κ, is a symmetric bilinear form.
For the case of characteristic two, Q is none other than the symplectic
form of course. In general κ uniquely determines Q, however when
p 6= 2 the converse also holds. When p = 2 this is not true, in fact

2.1 the heisenberg weyl group

there are two inequivalent quadratic forms, κ and κ̃, giving rise to the
same polar form Q. These assertions are proven in [22] on Chapter 3.
With the symplectic product, we may rewrite (2.13) beautifully as

[ T (u), T (v)] = ω [u,v] .

(2.18)

Therefore, providing a symplectic structure on phase space allows us
to keep track of the non-Abelian nature of the HW group. We will
make a further abuse of notation by saying that two vectors u , v commute if their corresponding displacement operators commute, that is,
if [u, v] = 0.
Studying the structure of the HW group is then intimately related
to studying the symplectic structure in phase space. Because of this,
the next section is dedicated to the latter.
2.1.1

Gauging the Displacement Operators

Before moving on to the description of the symplectic structure of
phase space, it is convenient to stop for a short remark. As mentioned
above, the phase in the definition (2.4) of the displacement operators
is a mere convenience. In different contexts it will be convenient to
choose other phase conventions. These changes of conventions, as
seen in equation (2.5), will leave the HW group unaltered. A general
rule of thumb is that these phase conventions are inessential to the
physics of all the problems to be considered in this thesis, and because of this they will be referred to as gauges. We will only need this
notion in the case of qubits, so that for the sake of clarity we give the
following definition.
Definition 2. A gauge transformation for the displacement operators is a map Ξ : Z2n
2 → Z4 which acts on D in the following
way:
T ( v ) 7 → i Ξ ( v ) T ( v ).

(2.19)

It is required that Ξ(0) = 0 so that the center of D is left invariant.
Notice that a gauge transformation is not a homomorphism, however it is bijection from D to D itself. The gauge which will be the
most convenient for this chapter, that of equation (2.4), will be called
the phase space gauge. Unless otherwise explicitly stated, we will use
the symbol T (v) to denote the displacement operators in this gauge.
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The other gauge, which will be predominantly used in later chapters, is the Pauli gauge, with4
Ξ(v) =


1


0

if κ (v) = 1,

(2.20)

else.

In the Pauli gauge, displacement operators correspond to tensor products of Pauli matrices, so that they are Hermitean.
When convenience leads me to switch to the Pauli gauge, I will be
explicit about it. In case confusion could arise, I will use the symbol
TΞ (v) for displacement operators in this gauge.

2.2 the symplectic structure of phase space
Let us begin this subsection by recalling some basic definitions and
results from the theory of symplectic vector spaces. Because of the
commutation relation (2.18), these correspond to properties of the
HW group which will be pointed out.
Definition 3. A subspace V I of V is called an isotropic subspace
if all vectors in V I mutually commute. Isotropic subspaces of
V correspond to Abelian subgroups of the HW group.
Proposition 1. The maximal dimension of an isotropic subspace of V is exactly half the dimension of V . In this case the
subspace is called a Lagrangian. A Lagrangian in phase space
corresponds to a maximal Abelian subgroup of the HW group,
these are always of order pn+1 for p odd, and of order 2n+2
otherwise [10].
Definition 4. The symplectic complement of a subspace V0 is the
set of all vectors v which satisfy that, for any u ∈ V0 , [v, u] = 0.
These vectors form a subspace which is denoted by V0⊥ . Taking
a group theoretical point of view, if V0 corresponds to a subgroup HW0 , then V0⊥ corresponds to the commutant of HW0 ,
the set of group elements which commute with HW0 .
Proposition 2. The symplectic product [·, ·] is non-degenerate.
This means that the only subspace whose symplectic complement is V is the origin [22, Chapter 3]. Equivalently, the center
of the HW group is the set of scalar matrices, which follows
from the irreducibility of the HW group.

4 Notice that the images of the maps Ξ and κ are different spaces, so that even though
writing Ξ(v) = κ (v) is tempting, it would be wrong.

2.2 the symplectic structure of phase space

Proposition 3. There exists a canonical basis {ei , f i | i ∈ 1, 2, ..., n}
for V with the property that

[ ei , e j ] = 0 = [ f i , f j ]
[ei , f j ] = δij .

(2.21)

In the representation we have chosen, these basis elements
{ei , f i } may be chosen to correspond to { Xi , Zi } [12].
Remark 5. As we will prove later, there are typically many
canonical bases, not only the one corresponding to { Xi , Zi }.
We may interpret these propositions as saying that the symplectic
structure of V is unique. In other words, suppose one is given two
different symplectic products [·, ·]1,2 , and for each product let us construct a table with three columns, the first two list all elements ( a, b) ∈
V × V and the third one lists the values [ a, b]i . Then the two tables
are related by some invertible linear transformation M ∈ GL(V ),5
[u, v]1 = [ Mu, Mv]2 .
For the p = 2 case, there are two inequivalent quadratic forms [13,
22], κ and κ̃, related by κ̃ ( a) = κ ( a) + ( a x )1 ( az )1 . In this work we only
need to address κ, which is directly related to the real Clifford group
introduced in the next section.
2.2.1

The Symplectic Group

Associated with the symplectic product is a group, the symplectic
group Sp(V ). It is the largest subgroup of GL(V ) such that it’s elements leave the symplectic product invariant. That is, the symplectic
group is the set of invertible matrices M which satisfy

[ Mu, Mv] = [u, v]

(2.22)

for all choices u, v ∈ V . The symplectic group is also commonly referred to as Sp(2n, p), where the first argument is the dimension it
acts on and the second denotes the underlying field. A piece of data
which will become valuable later is the order of Sp(V ), given in [22],

|Sp(V )| = pn

2

n

∏

p2l − 1



(2.23)

l =1

Consider a symplectic matrix M and a canonical basis {ei , f i } for V .
By construction, { M · ei , M · f i } is also a canonical basis. The converse
also holds, as shown by the following proposition.

5 GL(V ) is the general linear group over phase space, the group of all invertible linear
transformations V → V .
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Proposition 4. Let {ei , f i } and {ẽi , f˜i } be two canonical bases
in phase space. Then there exists an M ∈ Sp(V ) such that
Mei = ẽi
M f i = f˜i .
Proof. Since both {ei , f i } and {ẽi , f˜i } are bases for V , then there must
exist an M ∈ GL(V ) satisfying the above equations. Furthermore, by
construction, M preserves symplectic products between pairs of basis
elements, for example [ei , f j ] = [ẽi , f˜j ] = [ Mei , M f j ]. Finally, bilinearity
of the symplectic product implies that M preserves the symplectic
product of any pair of vectors [u, v] = [ Mu, Mv].
Therefore the symplectic group acts transitively on the set of canonical bases. By transitively we mean that any canonical basis can be
obtained from one particular canonical basis, say {ei , f i } by applying a symplectic transformation. In fact, this is a special case of the
following result, central to symplectic geometry, due to Witt [12].
Theorem 1. Let {αi } and { β i } be two sets of l linearly independent elements of phase space satisfying

[ αi , α j ] = [ β i , β j ]

∀ i, j.

(2.24)

Then there exists an M ∈ Sp(V ) such that
Mαi = β i ∀ i.

(2.25)

An important consequence of Witt’s theorem is that any linear
transformation between Lagrangians may be completed to a symplectic transformation on phase space.
Applying this to sets with only l = 1 vector, we get that the symplectic group acts transitively on the set of non-zero vectors. Keeping
in mind that, by construction, the symmetry group of a canonical basis is a subgroup of the symplectic group, this is equivalent to saying
that any vector in phase space may be chosen to be the first element
of some canonical basis.6
Let us flesh out a bit more the structure of Sp(V ). Since this group
is irreducible, its center must be composed of multiples of the identity. Furthermore, the condition (2.22) for being a symplectic matrix
requires the scalar to square to 1 (modulo p). For the case of p 6= 2,
this leaves two possibilities, the identity and minus the identity. The
latter is often referred to as the central involution, and plays an important role in phase space representations, in particular in the WignerWootter representation which will be discussed later [92]. For the case

6 Alternatively, one may say all vectors were created equal. Except for the origin. That
one was created a bit special.
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p = 2, the lack of minus signs in Z2 implies that the center of Sp(V )
is trivial.
Now let us consider examples of elements in Sp(V ) for p = 2,
which is the case of main interest for this thesis. Towards this let us
factor out
2
2
Z2n
2 = Z2 × ... × Z2 ,

(2.26)

where every factor Z22 is the span of a pair of conjugate canonical
basis elements, (ei , f i ). In math literature, such a subspace is known
as a hyperbolic plane [22]. A hyperbolic plane is evidently a symplectic
space itself.
The first two examples are matrices which act non-trivially only on
one hyperbolic plane as,
1

1

0

1

!
,

or

0

1

1

0

!
.

(2.27)

We have chosen to express the matrices in the basis {ei , f i } for the
relevant hyperbolic plane. These matrices both have order two, and
as will be seen later may be understood as the representation in phase
space of the π/4 gate and the Hadamard gate. Notice that the second
matrix above corresponds to the symmetry of exchanging ei ↔ f i
within a canonical basis to obtain a new canonical basis.
As another example consider a transformation which acts non-trivially
only in two hyperbolic planes of (2.26), and on this four dimensional
space it acts as




1

0

0

0


0


1

1

0

0

1


1
,

0

0

0

0

1

(2.28)

in the basis {e1 , f 1 , e2 , f 2 }. This matrix may be seen as the phase space
representative of a CNOT gate and is also of order two. Matrices of
the form (2.27,2.28) may be proven to be a generating set for Sp(V ),
as will become clear in the next section studying the Clifford group.
A more general class of symplectic transformations are symplectic
transvections; the matrices (2.27,2.28) are examples of such transformations. That those matrices above generate the symplectic group
agrees, then, with the known result that the group may be generated
by symplectic transvections [22, 65]. A symplectic transvection is a
map tu , labeled by an element u ∈ V , which acts as

tu :


V


v

→V
7→ v + [u, v]u.

(2.29)
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These symplectic transvections will feature prominently later in this
thesis. The element u is said to be the center of the transvection tu
above. As can be seen directly from the definition, any symplectic
transvection acts trivially on the symplectic complement of its center.
It is easy to see that two transvections tu and tv commute if and only
if [u, v] = 0, in which case
tu tv : a 7→ a + [ a, u]u + [ a, v]v.

(2.30)

As an example, we may express the two matrices in Equation (2.27)
as transvections. Assuming they act non-trivially on the subspace
he1 , f 1 i, they have centers e1 and e1 + f 1 respectively. As for the matrix
in (2.28), it’s center is given by e1 + f 2 assuming it acts non-trivially
in the subspace he1 , f 1 , e2 , f 2 i
2.2.2

The Orthogonal Group

In a similar way, we may associate a matrix group over V with the
quadratic form κ, the orthogonal group. Since this group will only be
relevant for the p = 2 case, we shall restrict our discussion to this
case throughout this subsection.
The group Oκ (V ) is the set of all matrices R satisfying
κ ( Rv) = κ (v),

∀ v ∈ V.

(2.31)

The group Oκ (V ) is referred to as the orthogonal group on phase space,
and it’s elements as orthogonal matrices. From equation (2.16) it follows that
Oκ (V ) < Sp(V ).

(2.32)

This inclusion is strict for all n. For example when n = 1, the matrix
1

1

0

1

!

is symplectic but not orthogonal. In contrast, the other two examples
of symplectic matrices given in the previous subsection, both




1

0

0

0


0


1

1

0

0

1


1
,

0

0

0

0

1

(2.33)
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and
0

1

1

0

!
(2.34)

are orthogonal matrices.
One may further compare the order of the symplectic groups (equation (2.23)) and the orthogonal group and verify that they are compatible with the inclusion 2.32,7

|Oκ (V )| = 2n

2 − n +1

n

(2n − 1) ∏(22l − 1).

(2.35)

l =1

One may generate Oκ (V ) using transvections [66]. Now, not all
symplectic transvections preserve κ, so to generate Oκ (V ) we need
to restrict to the subset of symplectic transvections which preserve κ,
orthogonal transvections. Let us find this set explicitly. The action of a
symplectic transvection tv on some arbitrary element of phase space
is
tv u = u + [u, v]v.
Then, equating κ (tv u) = κ (u), and using equation (2.16), we get
κ (u) = κ (u + [u, v]v)

= κ (u) + [u, v]κ (v) + [u, v]2
= κ (u) + [u, v](κ (v) + 1).

(2.36)

Above we have used that, because we are working with binary vector
spaces, every scalar s is idempotent, so that κ (su) = sκ (u) for any
vector u.
Since equation (2.36) must hold for any u, then we conclude that a
symplectic transvection tv is orthogonal if and only if κ (v) = 1.
The orthogonal group does not act transitively on the non-zero elements of phase space, as it must preserve the value of the quadratic
form. Excluding the origin, Oκ has two orbits on phase space, corresponding to the non-trivial vectors with vanishing quadratic form
and those with non-vanishing quadratic form. One has a similar result to that of Witt, the Cahit-Arf theorem [6].
Theorem 2. Let {αi } and { β i } be two sets of l linearly independent vectors satisfying

[ α i , α j ] = [ β i , β j ],

∀ i, j,

(2.37)

7 The group Oκ is usually denoted O+ in mathematical notation. It is the group corresponding to a quadratic form which has at least one non-trivial zero in each hyperbolic plane.
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and
κ ( αi ) = κ ( β i )

∀i.

(2.38)

Then there exists an orthogonal matrix R such that
Rαi = β i

∀ i.

(2.39)

Remark 6. For n = 1, the orthogonal group is particularly simple, it is isomorphic to Z2 . To see this, notice that phase space
has four elements, {00, 01, 10, 11}.
All elements of Oκ must fix both the origin (because of linearlity) and (11) (because it is the only vector with non-vanishing
quadratic form). Therefore, the only non-trivial transformation
in Oκ (Z22 ) must exchange (01) ↔ (10). This transformation is
given by the matrix (2.34).

2.3 the clifford group
We now turn our attention to study the group of automorphisms of
the HW group. Again, we will pay special attention to the case p = 2.
For now, however, let us not commit to any value of p. Recall that an
automorphism of the HW group is a permutation f of the elements
of the group satisfying that for any two group elements U1 , U2 ,
f(U1 U2 ) = f(U1 )f(U2 ).
The automorphism group is generated by two qualitatively distinct
kinds of automorphisms: those that preserve characters and those
that do not. The latter kind may be acheived by reshuffling the elements of the center of the HW group, changing one irreducible representation to another. For the odd case, this would correspond to a
map which acts as
ω 7→ ω t
for some t ∈ Z p . For qubits this corresponds to the mapping i 7→ −i.
The kinds of automorphisms we will deal with in this section are
the ones which preserve characters. These are readily available by
Schur’s lemma, they correspond to conjugating the group elements
with unitaries,

HW → U HW U † .
Of course, in order for these to be automorphisms, we must require
that

HW = U HW U † ,

2.3 the clifford group

the unitaries that satisfy this are elements of the unitary normalizer
of HW, denoted N (HW). The latter group is a Lie group, for example
any matrix of the form eiϕ 1 is part of this group. This is an awful
lot of redundancy. For example, the aforementioned matrices act trivially by conjugation. Since the HW group is finite, its automorphism
group must be finite, and it would be therefore convenient to consider
only a finite subgroup of N (HW). For this, we consider the smallest
subgroup of N (HW) whose action on HW is isomorphic to that of
N (HW). It turns out that this may be done by minimizing the size
of the center, and the result of this procedure is the Clifford group.8
The Clifford group will be denoted by C and Cd for the even and odd
dimensional cases respectively. It turns out that the smallest possible
choice for a center is choosing the center of C and the center of the
HW group to be equal. That is
Center of C = {±1, ±i }

(2.40)

Center of Cd = hω i.

(2.41)

Remark 7. The HW group is a normal subgroup of the Clifford
group; we will denote this by D / C , Dd / Cd . This also holds
to the level of projective groups, D / C and D / C d for the even
and odd cases.9 Recall that we use the same symbol D for the
projective HW group in both the even and the odd case.
Of course, the Clifford group still contains some redundancy as
it has a non-trivial center. One may get rid of this redundancy by
considering the projective Clifford group,

C = C /Phases

(2.42)

C d = Cd /Phases.

(2.43)

The projective Clifford group is isomorphic to the character preserving automorphism group [13], and this loss of redundancy comes at
the price of the projective Clifford group not being a matrix group
any more.
Because of the commutation relation (2.18), the Clifford group must
act on phase space as the symplectic group. That is, if we take the action of, say an element of C on D , and then forget about the phases,
we may describe this action as the action of a symplectic matrix on
phase space: for any Clifford unitary U there exists a symplectic matrix M such that, up to phases,
T (v) 7→ T ( Mv)

(2.44)

8 This result is a consequence of [68, Theorem 6.4] which states that any finite subgroup of the unitary group, which contains C as a subgroup, must be a central
extension of C by some root of unity.
9 Notice that if we would have chosen the center of C to be any smaller, this relations
would cease to hold as the HW group would no longer be a subgroup of C .
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Figure 2.1: Commutative diagramm describing the action of the Clifford
group on phase space. The arrow D → D corresponds to modding out phases, the arrow D → V corresponds to adding the
structure of a vector space to D , and arrows labeled by groups
correspond to group actions.

for all v. One may see this with the commuting diagram in Figure 2.1.
This implies that there is a homomorphism going from the Clifford
group to the symplectic group. Now, by construction, the HW group
is a normal subgroup of the Clifford group. Furthermore, since the
HW group is projectively commuting, the action of any displacement
operator on phase space must be trivial. Put simply, the action of
some T (u) on an arbitrary T (v) is
T (u) T (v) T (u)† = ω [u,v] T (v),
so that, the action on phase space is trivial. We thus obtain the homomorphism10

C /D ∼
= Sp(2n, 2)
∼
Cd /Dd = Sp(2n, p).

(2.45)
(2.46)

Since the Clifford and HW groups share their centers, at the level of
cosets the analog of the above equations hold

C /D ∼
= Sp(V )
C d /D ∼
= Sp(V ).
Equation (2.44) implies then that any character preserving automorphism of the HW group may be expressed as
T (v) 7→ eiϕ(v) T ( Mv).

(2.47)

As shown by Bolt, Room and Wall [12, 13], in order for the above map
to be such an automorphism, the function ϕ should vanish at the origin and satisfy certain conditions. These conditions are different for
10 This is more formally proven in [12] and [13] respectively for the qudit and qubit
cases.

2.3 the clifford group

the even and odd dimensional cases, and since only the conditions
for the former shall be relevant here, we defer the interested reader
to [12] for the details of the p 6= 2 case. In the even case, we may conveniently rewrite ϕ(v) = π2 g(v), so a trace preserving automorphism
of D has the form
T (v) 7→ i g(v) T ( Mv).

(2.48)

Notice that g is a Z4 valued function over phase space. Evidently, g
still vanishes at the origin, and it must satisfy


g(u + v) = g(u) + g(v) + 2 χ(u, v) + χ( Mu, Mv) (mod 4) (2.49)
in order to define an automorphism. 11 The form (2.48) of a character
preserving automorphism will be useful in later proofs in this chapter.
The qudit projective Clifford group may be proven [12, 46] to factorize as

Cd ∼
= Sp(V ) n V .

(2.50)

An important building block towards the novel no-go results obtained in this thesis is that the above relations cease to hold when
p = 2, for both C and the real Clifford group which will be defined in
Section 2.3.2. This is theorem 7 in [13]. Because of this importance,
and because these results are relatively unknown in the quantum information community, I have decided to state them explicitly until
Chapter 3.
2.3.1

Generating the Qubit Clifford Group

There is a simple set of unitaries which generate the Clifford group,
this set is widely used in fault tolerant quantum computing [43]. The
basic players in this game are the Hadamard matrix,12
1+i
H=
2

1

1

1

−1

!
,

11 There is a small subtlety with this equation, the term inside of the parenthesis on the
right hand side has values in Z2 , but the equation is over Z4 . This is simply resolved
the multiplication by 2, which induces the linear injection

Z
→ Z4
2
ι:

{0, 1} 7→ {0, 2}.
12 We have chosen this phase in front of the Hadamard so that the center of C has order
4.
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the controlled-not matrix

1
0
0

0
1
0
C=

0
0
0
0

0

1

0




0
,

1
0

and the phase matrix
Φ=

1

0

0

i

!
.

One may then prove [68] that C is generated by tensor products of
the above matrices together with the elements of D . Recall that the
underlying Hilbert space, for qubits, is of the form C2 ⊗ ... ⊗ C2 . By
the above statement we mean that the Clifford group is generated by
matrices where the Hadamard and phase matrices are acting on any
tensor factor and the controlled not matrix is acting on any pair of
tensor factors,
D
E
C = Hi , Φi , Cij .
(2.51)
The symplectic matrices associated with these generators were studied in section 2.2.1, they are given by the transvections (2.27, 2.28).
Recall that the action of D on phase space is trivial.13 Therefore, the
action of the Clifford group in phase space may be identified, using
equation (2.45), with the symplectic group Sp(V ) through the homomorphism

C → C /D ∼
= Sp(V ).
Therefore, the images of the generators of C under this homomorphism form a generating set for Sp(V ). As mentioned in Section 2.2.1,
the images of the generators in (2.51) are
0 1

H 7→ Ĥ =

!
,

1 0


Φ 7→ Φ̂ =

0 1

!
,



1

0

0

0


0
C 7→ Ĉ = 

1

1

0

0

1


1
.

0

0

0

0

1

13 That is to say T (u) T (v) T (u)† ∼ T (v).

1 1

(2.52)
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These matrices are written with respect to the canonical basis which
corresponds to the operators X1 , Z1 , X2 , and Z2 respectively. It follows
that these images generate Sp(V ).
2.3.2

The Real Clifford Group

We start by considering the real HW group. These only make sense
to consider in the even case, notice for example that all the real subgroups of Dd are Abelian.14 Therefore, we restrict to the even case.
The real HW group may be presented in a way similar to its complex
analog

RD = (−1)t T (v) | t ∈ Z2 , v ∈ V .

(2.53)

From the equation above one sees that

D = h i i · RD .
The underlying structures of RD and D , in particular the symplectic
structure of phase space, are essentially identical. Furthermore, and
this is evident from equation (2.53), modding out phases from RD
leaves us with Z2n
2 , the same result we obtained by modding out
phases from D . Therefore, we will also use the symbol D to refer to
the projective real HW group.
We now consider the trace preserving real automorphisms of RD to
construct the real Clifford group. The real attribute will come around
by considering conjugation by orthogonals instead of, more generally, by unitaries. This group may be defined in a slightly simpler
way. Notice that the largest real subgroup of U (H) is simply O(H),
the orthogonal group over Hilbert space. We define the real Clifford
group RC to be the orthogonal normalizer of RD , the set of matrices
U ∈ O(H) satisfying

U RD U T = RD .

(2.54)

The reason we do not require minimizing the size of the center, as
we did with C , is that the center is already minimal, {±1}. Again
noticing that −1 acts trivially on D we may further economize on
the labeling of automorphisms by only considering the projective real
Clifford group,
RC = RC /{±1},

(2.55)

at the cost of RC not being a matrix group anymore.
14 For the case p 6= 2, using equation (2.2) if two group elements g1 , g2 don’t commute,
then there exists some non-trivial p-th root of 1, say ω̃, for which g1 g2 = ω̃g2 g1 . If
both elements are assumed to be real, the right hand side cannot be real, so they
may not belong to a real subgroup of Dd .
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Again, following Bolt, Room and Wall [13], the action of RC on RD
is of the form
T (v) 7→ (−1) g(v) T ( Mv),

(2.56)

where M is a matrix in the orthogonal group of phase space15 Oκ (V )
and g(·) is a Z2 valued function over phase space. In this case g(v)
must satisfy the following equation,
g(u + v) = g(u) + g(v) + χ(u, v) + χ( Mu, Mv),

(2.57)

and just as in the complex case, g vanishes at the origin. It is a funny
coincidence that the action of RC , orthogonal normalizer of RD over
Hilbert space H, induces an action of orthogonal matrices in phase space.
To avoid confusion due to this coincidence, we will adopt the convention that whenever we say orthogonal matrix, we refer to an element of Oκ (V ) over phase space. Also, we will shorten our notation:
Oκ = Oκ (V ). For the projective real Clifford group we have a result
similar to (2.45) [13],
RC /D ∼
= Oκ .

(2.58)

A presentation of RC in terms of generators, such as equation (2.51)
for C , is harder to express. Because it is not relevant towards the main
results of this thesis, we defer the interested reader to [21] where the
authors give an elegant and concise discussion on the matter. However, it is worth pointing out explicitly that RC < C .
2.3.3

The Action on Operator Space

In this subsection we review the action of the real and complex Clifford groups on operator space L(H) by conjugation. This will become
useful in understanding the no-go theorem we will present in Chapter 3.
This action sets up a homomorphism from C and RC into the group
of invertible linear transformations sending operators to operators,
L(H) → L(H).
This is to say, the action on operator space defines a representation of
the Clifford group. Now, let us uncover which representation this is.
A few lines of calculation shows the following isomorphism of vector spaces
L(H) ∼
= H ⊗ H∗ ,
15 Recall that Oκ is the group of matrices preserving the quadratic form κ (v) on phase
space.
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where H∗ is the dual space of H. Indeed any operator may be expanded as a linear combination of ket-bras. With this equation, it is
easy to see that C and RC act on L(H) via the representations

C ⊗ C ∗,

and
∗

RC ⊗ RC .

(2.59)
(2.60)

Let us compute the invariant subspaces, in operator space, of the
action of the Clifford group by conjugation. Equivalently, we seek
to find the irreducible components of the representations (2.60, 2.59).
Denoting the space of scalar matrices by K1 and the space of traceless
matrices by K0 , it is clear that both these subspaces are left invariant
under the action of C .
Furthermore, one may compute the sum
1
| tr(U )|2 = 2
∑
|C| U ∈C

(2.61)

which is equal to the number of squared multiplicities of the irreducible components of the representation in (2.59) [91]. Therefore,
there must be two irreducible components with multiplicity one and
L(H) = K1 ⊕ K0 .

(2.62)

gives a decomposition of operator space into irreducible components
of (2.59).
A similar argument may be given for the decomposition of RC ⊗
RC ∗ , In reference [91] it is proven that the sum of squared multiplicities in this representation is equal to the number of orbits Oκ has on
phase space. This number of orbits is three, excluding the trivial orbit
of the origin, these are

T0 := { T (v) | κ (v) = 0, v 6= 0},
T1 : = { T ( v ) | κ ( v ) = 1}.
This argument implies that there are three irreducible components
with multiplicity equal to one. One of these subspaces is evidently
K1 . The other irreducible components correspond to Span(T0 ) and
Span(T1 ). These spaces may be more conveniently expressed by verifying, using (2.9), that
T (u)

2

= (−1)κ (u) 1.

This implies that { T (v) | κ (v) = 0, v 6= 0} spans the space of symmetric traceless operators, KSym ; and { T (v) | κ (v) = 1} spans the space

23

24

the phase space formalism

of antisymmetric operators KAnti . Therefore, the decomposition of irreducible components of the action of RC is
L(H) = K1 ⊕ KSym ⊕ KAnti .

(2.63)

3

O N P H A S E S PA C E R E P R E S E N TAT I O N S

Phase space representations of quantum mechanics have become a
valuable tool for quantum information science and even outside of
physics, in subjects such as harmonic analysis.1 The first such representation was introduced by Wigner [87] in 1932 for infinite dimensional systems, where he used it to compute quantum corrections to
thermodynamics. In the infinite dimensional setting, the Wigner representation has been extensively used by quantum opticians (see for
example [78] for a book on the matter). It has also been used in other
contexts such as quantum statistical mechanics [24], semiclassical calculations in quantum mechanics [48] and cold atom physics [56]. Because of the many analogies that the formalism of Wigner sets up
between quantum theory and classical probability theory, the Wigner
function also received attention from the quantum foundations community, an influential example being [52]. Phase space representations are characterized by replacing the description in terms of a density matrix ρ by a real valued function µρ over some vector space,
commonly taken to be a symplectic vector space.
Throughout the years, many generalizations of the Wigner function
to finite dimensions have been proposed [25, 29, 60, 77, 89] (see for
example [36] for a broad review on the subject). For odd dimensional
systems perhaps the most acclaimed discrete Wigner function is the
one proposed by Wootters [89], in part at least because of its unique
symmetries [92] and the fact that it satisfies a discrete version of Hudson’s theorem [46].2 In such systems, the case p 6= 2 for our purposes,
the discrete Wigner-Wootters function has been used to extend the set
of quantum algorithms which may be simulated efficiently by a classical computer [84] (a review on this is provided in section 3.1.3). This
has profound implications for quantum computing, for example negativity in the Wigner-Wootters function is elevated to be a resource
for many quantum computational models over qudits.
Many of these convenient properties, however, fail to hold in the
case p = 2. Since it is precisely the case of qubits which has been
studied in most depth for quantum information processing purposes,
it would be desirable to obtain a qubit representation with properties
similar to the Wigner-Wootters representation for odd qudits.
In this Chapter I will prove a new set of no-go results concerning
phase space representations for qubits, extending those proven by
1 An old but gold reference to the application of the phase space methods discussed
here to harmonic analysis is the book by Gerald Folland [38].
2 Hudson’s theorem, which holds for continuous variable systems, states that the
unique pure states with positive Wigner function are Gaussian states [51].
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Zhu in [92]. The first result rules out the existence of phase space
representations which are covariant with respect to the real Clifford
group. After that, I cosider a relaxation real Clifford covariance, real
Clifford convexity. The second result rules out the existence of real
Clifford convex phase space representations.
These types of representations would be arguably provide the simplest construction with which to obtain a representation on which
negativity is preserved by real Cliffords. This result therefore poses a
severe restriction on the possibility of obtaining a phase space representations which allow for negativity to be interpreted as a resource.
The chapter is organized as follows. In Section 3.1 I introduce
the general framework of quasiprobability representations, which includes phase space representations as special cases. Within this section, I introduce and explore some of the properties of the WignerWootters function which is perhaps the stellar example of a quasiprobability representation. In Section 3.1.4 I define what is meant by phase
space representation, providing a motivation for this definition and
examples of such representations. Finally, in section 3.3 I prove the
main results and discuss some consequences and future possibilities
to work around this theorem.

3.1 quasiprobability representations
We now introduce what a quasiprobability representation of finite dimensional quantum mechanics is, and how it can be related to models
of quantum computation [37, 82]. The presentation here will closely
follow reference [82]. As will be seen, phase space representations
are a special case of quasiprobability representations in which phase
space V plays a special role.
Consider a quantum system with Hilbert space H = Cd , with L(H)
being the space of linear operators over H. There are many ways of
specifying an operator A in L(H). For example, given a basis {|i i} of
H we may specify the matrix elements hi | A | ji. This is equivalent to
saying that the set {|i i h j|} form an operator basis for L(H).
There may be certain cases where it pays off to consider something
a little more general than an operator basis, an operator frame. An
operator frame —in general for some subspace K ≤ L(H)— is simply
a set of operators { Fα } whose span is K. We will only deal with
frames composed of Hermitean operators.
In contrast to a basis, an operator frame may have too many elements, that is, they may be linearly dependent. For our present purposes, we only need to consider frames satisfying the equation3

∑ Fα = 1.
α

3 Notice that this equation is not linear.

(3.1)
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Let F = { Fα | α ∈ Λ} be such an operator frame for K, indexed by
a finite set Λ. Out of F one may construct a dual Hermitean frame
indexed by Λ aswell, say G = { Gα }. The dual frame is such that for
any operator A ∈ K,
A=

∑ Gα tr Fα A.

(3.2)

α

In other words the F frame provides a way to compute the coefficients
of operators when decomposed in terms of it’s dual. Since the frame
elements may have linear dependencies in general, these coefficients
are not unique. Therefore, a frame may have more than one dual, and
a frame may be dual to more than one frame.4
We wish to restrict the dual frame elements to be trace normalized,
that is,
tr Gα = 1.

(3.3)

As we shall see, this will turn out to be useful when representing
measurements and will strengthen the analogy to classical probability
theory.
One then says that the pair (F , G) induces a quasiprobability representation of K. In this representation, states ρ are replaced by functions µρ : Λ 7→ R according to
µρ (α) = tr Fα ρ.

(3.4)

One may invert this to express ρ in terms of µρ ,
ρ=

∑ µρ (α)Gα

(3.5)

α∈Λ

Trace normalization of states implies that

∑ µρ (α) = 1,

(3.6)

α

just like a probability distribution. However, in general it may hold
that µρ (α) < 0 for some α ∈ Λ. For this reason, µρ is called a quasiprobability distribution. In a similar way, one may represent a positive operator valued measure (POVM), { El }, by real functions
ξ El (α) = tr Gα El .

(3.7)

The functions ξ El are known as the response functions of the measurement. Trace normalization of the Gα ’s implies that the response functions satisfy

∑ ξ E (α) = ∑ tr El Gα = tr Gα = 1.
l

l

l

4 As one would expect, these two statements are equivalent.

(3.8)
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This is formally similar to the condition a conditional probability distribution p(l |α) would satisfy,

∑ p(l |α) = 1,

∀ α.

l

Because of equation (3.5), knowing the quasiprobability distribution µρ for a state ρ ∈ K one may reconstruct ρ itself. We will say that
the representation provided by (F , G) is tomographically complete over
K.
With these definitions, one may express the probability of obtaining
a particular outcome l upon the measurement of { El } on the system
as
tr ρEl =

∑ µ ρ ( α ) ξ E ( α ).

(3.9)

l

α

If the state and the measurement effects are both represented by nonnegative functions, then the equation has the form of conservation
of probability where the underlying probability space is Λ. Namely,
because of equation (3.8), one may interpret ξ El (α) = p(l |α) as the
probability of obtaining measurement outcome l given some value
α in this abstract space, and the state ρ as a probability distribution
p(α) = µρ (α) over the same space. Then, the probability of obtaining
the outcome l on this system is given by
p(l ) = tr El ρ =

∑ p ( α ) p ( l | α ).

(3.10)

α

Another convenient property in which quasiprobability representations are similar to classical probability theory is regarding the
marginalization of degrees of freedom. Consider two systems, with
Hilbert space H T = H ⊗ H. Using the representation (F , G) for each
individual Hilbert space, one may naturally endow the total space
with the representation (F ⊗ F , G ⊗ G). Now, as lore shows us, within
quantum theory the conceptual counterpart to marginalization is that
of partial trace, ρ1 = tr2 ρ.
In the quasiprobability picture one may write the state as
ρ=

∑ µρ (α, β)Gα ⊗ Gβ .

(3.11)

α,β

and so we get
ρ1 =

∑ µρ (α, β) tr
α,β


Gβ Gα =



∑ ∑ µρ (α, β)
α

β



Gα .

(3.12)
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Therefore, the quasiprobability representation of ρ1 is the marginal of
the representation of ρ,
µ ρ1 ( α ) =

∑ µρ (α, β).

(3.13)

β

Finally, suppose one wishes to describe a composite system H1 ⊗
H2 for which one has quasiprobability representations (F1 , G1 ) and
(F2 , G2 ) for the two subsystems. A natural representation for the
whole system is of course the tensor product, (F1 ⊗ F2 , G1 ⊗ G2 ). Because of the factorizability of the trace, equation (3.4) implies that a
tensor product state ρ1 ⊗ ρ2 is represented by a product quasiprobability distribution µρ1 (α)µρ2 ( β).
Because of these structural similarities to probability theory, deviations from it —in particular negativity— have become regarded as
an expression of non-classicality [52]. In fact, because of this, negative
quasiprobability has attracted much attention in the quantum foundations community [32, 81, 82, 93].
3.1.1

Classical Subtheories

No quasiprobability representation of quantum mechanics may be
such that all measurements and all states are non-negatively represented [37, 82]. However, one may represent certain subtheories nonnegatively. Depending on the particular choice of representation, a
certain subtheory or another might be represented non-negatively.
For quantum computing, however, the subtheory of choice is canonically the stabilizer subtheory.
We define a subtheory Z of quantum mechanics as a finite set of
pure states Z0 , a set of projective measurements onto these states,
and a set of transformations ZC mapping Z0 7→ Z0 . We will further
say that a subtheory is classical if there exists a quasiprobability representation for which all states in Z0 and their associated projective
measurements are represented non-negatively. That is to say that for
all |ψi hψ| ∈ Z0 , it holds that

hψ| Gα |ψi ≥ 0,

hψ| Fα |ψi ≥ 0.

Classical subtheories therefore admit a non-contextual hidden variable model of their measurement statistics [82]. Intuitively they may
be thought of as an embedding of a classical theory into quantum
mechanics.
The backbone of many models of quantum computing, including
the ones investigated in this thesis, is a classical subtheory together
with a resource which may be additional states, measurements or unitaries. This resource together with Z may then be used to simulate
any quantum computation to arbitrarily high precision.
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For example, for quantum computing with magic states on odd
dimensional qudits, the classical subtheory is that of stabilizer states
and measurements and Clifford unitaries, and the resource are ancilla
states satisfying certain conditions [33, 76]. One of these conditions
for resourcefulness, for systems of odd qudits, is having negative values in the discrete Wigner function. This case will be discussed in
detail in the following subsections.
3.1.2

The Wigner-Wootters Representation

Perhaps the best known quasiprobability representation of finite dimensional quantum mechanics is the discrete Wigner function proposed by Wootters [89]. This representation is, in particular, an example of a phase space representation, this will be defined in Section 3.1.4.
Furthermore, its underlying operator frame A is actually an orthonormal operator basis.
The Wigner-Wootters function (also referred to as the W representation) is special among quasiprobability representations in many respects, some of which will be explained here. The discrete Wigner
function of Wootters has also received attention for it’s applications
to, among others, quantum computation [33, 76], quantum error correction [71], quantum tomography [86] and decoherence [63].
We begin the construction by defining a special operator for the
case p 6= 2, the parity operator

A0 =

1
pn

∑ T ( v ).

(3.14)

v∈V

This Hermitean operator induces a parity transformation in phase
space [92],
A0 T (u) A0† = T (−u),

(3.15)

hence its name. For the qubit case a bit more care is needed for constructing A0 . Indeed, simply summing displacement operators in the
phase space gauge will not give a Hermitean operator. We therefore
need to switch to the Pauli gauge. Thus, for qubits we define
A0 =

1
2n

∑ TΞ (v).

(3.16)

v∈V

Here, by construction, A0 is Hermitean as it is a sum of Hermitean
operators. Notice, however, that for qubits A0 no longer induces a
parity operation in phase space. An easy way to see this is by noting
that in the even case u = −u, so if equation (3.15) held for qubits, then
by the irreducibility of D , A0 would necessarily be a scalar, which is
simply not the case.

3.1 quasiprobability representations

From here on, one constructs the Wigner-Wootters basis in the same
form for all values of p. One defines out of A0 the Wigner-Wootters
operators,
A v = T ( v ) A0 T ( v ) † .

(3.17)

Since these are defined via conjugation of displacement operators, the
gauge of the latter is irrelevant. The Wigner-Wootters basis is then

A = Av | v ∈ V .
A simple calculation shows that the Wigner-Wootters operators are
the Fourier transforms of the displacement operators

Av =



1

 pn

∑ ω[u,v] T (u)

for p 6= 2,



 21n

∑(−1)[u,v] TΞ (u)

for p = 2.

u

(3.18)

u

The Wigner-Wootters function is the quasiprobability representation
obtained from the Wigner-Wootters operator basis,
Wρ (v) =


1
tr ρAv .
n
p

(3.19)

To see that this representation fits into the general picture of quasiprobability is a simple matter. First, as already mentioned, A is an orthonormal basis, hence it is self-dual and
ρ=

1
pn

∑ Av tr

ρAv



(3.20)

v

= ∑ Av Wρ (v).

(3.21)

v

Hermiticity of the Av ’s implies that Wρ is a real function, the tracelessness of the displacement operators implies that
tr Av = 1.
Furthermore,

∑ Av = pn 1.

(3.22)

v

To see this, recall that the irreducible characters of V are in one-to-one
correspondence with the elements f ∈ V ∗ , it’s dual space, through
χ f (·) = ω f (·) .
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Furthermore, being non-degenerate, the symplectic product sets an
isomorphism

V ↔ V∗
v ↔ [v, ·].
Therefore, all the irreducible characters of phase space may be written
as
ω [v,·]
for v ∈ V . Finally, using the above expression and remembering that
distinct irreducible characters are orthogonal,

∑ Av =

1
pn

∑ ω[u,v] T (u)

=

1
pn

∑ T (u) ∑ ω[u,v]

v

=

v,u

u

p2n
pn

= 1p

v

∑ T (u)δu,0
u

n

The Wigner-Wootters function has other properties which are both
convenient and beautiful [46], we shall not go into all of them in
detail here. Let us just mention a few of these properties which have
lead to applications of the discrete phase space formalism to quantum
tomography and to quantum computation respectively.
The first of these properties is the following. Notice that one may
number the elements of the computational basis of H by elements of
Znp , say α. This is usually done such that
Zl |αi = ω αl |αi .
With this notation one may prove that marginalising the Wigner function of a pure state ψ over its X degrees of freedom gives the probabilities of obtaining outcome α in a measurement of the computational
basis [40],

∑ Wψ ( β, α) = | hα|ψi |2

(3.23)

β

This is a particular case of a more general phenomenon, the WignerWootters representation, just as the continuous Wigner representation, assigns a quantum state to each affine Lagrangian in phase
space [40]. In the case above, the corresponding affine Lagrangian
would be all vectors of the form (v x , α) where α is fixed.
The second of these properties only holds for the p 6= 2 case, and
the fact that it ceases to hold for qubits is the motivation for the study

3.1 quasiprobability representations

presented in this chapter. The Wigner-Wootters function is covariant
with respect to the action of the Clifford group, conjugating A by any
Clifford unitary induces a permutation of this set. This is a consequence of the relation C d ∼
= D o Sp(V ), equation (2.50), because of it
one may write any element U ∈ Cd , up to a phase, as [46]
U = T (b)US ,

(3.24)

where US ∈ S , and S is the subgroup of Cd which stabilizes A0 . Since
A is generated transitively by Dd , the action of S on V sets up an
isomorphism S ∼
= Sp(V ). Let S ∈ Sp(V ) be the unique representative
of US , then
U A a U † = T (b)US A a US† T (b)†

= T (b)US T ( a) A0 T ( a)† US† T (b)†
= T (Sa + b)US A0 US† T (Sa + b)†
= ASa+b .

(3.25)

The above equation also proves that the action of the Clifford group
on this basis is isomorphic to the affine symplectic group of phase
space, and since this action is by conjugation this sets up a homomorphism

C d → ASp(V ).
Finally, since A forms a basis for L(H), the only unitaries which commute with all of A are scalars. These are modded out of C d , so this
homomorphism has trivial kernel and is therefore an isomorphism.
The Wigner-Wootters function of qubits on the other hand is not
Clifford covariant. One may easily see this for the case of one qubit,
where the Wigner-Wootters operators are given by
A00 =1 + X + Z + iXZ
A10 =1 + X − Z − iXZ
A01 =1 − X + Z − iXZ
A11 =1 − X − Z + iXZ.
Conjugating A00 by the Hadamard gate yields
H A00 H = 1 + Z + X − iXZ,
which is not an element of the basis.
3.1.3

Connection to Quantum Computing

To make the connection with quantum computing it is necessary to recall the discrete Hudson’s theorem [46], that qudit stabilizer states are
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the unique pure states with non-negative W representation. It follows
stabilizer measurements are represented by non-negative response
functions {WEk } and that all states inside of the stabilizer polytope
have positive W representation.
Clifford covariance implies that a Clifford gate cannot produce a
negatively represented state out of a non-negatively represented state.
Indeed following the arguments from before, let U = T (u)US be a
Clifford gate, then
WUρU † (v) = Wρ (Sv + u)

(3.26)

which is a non-negative function if and only if Wρ (v) is too. These
types of circuits composed of Clifford gates and stabilizer measurements will be referred to stabilizer circuits.
This set up fits well within the scheme of quantum computing with
magic states, where Clifford unitaries and stabilizer measurements
are considered free. One may efficiently simulate in a classical manner a Clifford circuit by simply keeping track of the affine symplectic transformations in phase space. Furthermore, if the initial state is
non-negatively represented, then so is the final state. Let ρ f be the final state. Let the projection valued measure arising from some phase
space observable, say T (u), be { Ek }. Then, the measurement statistics
obtained are given by
p(k) =

∑ Wρ

f

(v)WEk (v)

v

= ∑ p ρ f ( v ) p ( k | v ).

(3.27)

v

In the last line we have used the non-negativity to interpret Wρ as a
probability distribution pρ over phase space, and WEk as a conditional
probability. How to use classical sampling to efficiently simulate p(k )
is then clear: sample a point from phase space according to pρ and
then, conditioned on that point, sample a value k according to p(k |v).
This argument was used in [84] to prove that in order to perform universal quantum computing,5 using stabilizer circuits, the initial state
must be negatively represented. In the context of quantum computing
with magic states where one has access to stabilizer circuits, a system
in a trivial initial state and a set of ancilla states, this implies that the
ancilla states must be negatively represented. Therefore, negativity is
a resource.
The methods provided in that reference may be also seen as an
extension of the Gottesman-Knill algorithm [45]. As the latter, they
allow for efficient simulation of Clifford circuits, however the protocol
of [84] goes beyond Gottesman-Knill in that it does not require the
initial state of the system to be inside the stabilizer polytope, it only
requires the state to have a non-negative Wigner-Wootters function.
5 Of course, I am assuming that BQP is not inside of P.
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As if the preceeding discussion were not enough, there is an even
stronger result in favor of the Wigner-Wootters representation. One
could argue that perhaps there exists another representation that is
just as useful. As proven in [92], if the dimension of Hilbert space is a
power of an odd-prime, then the only phase space representation that
is Clifford covariant is Wρ (·).
3.1.4

Phase Space Representations

The fact that the qubit Wigner-Wootters function fails to be Clifford
covariant has motivated researchers to look for alternative representations of quantum mechanics which involve some symplectic phase
space (see for example [31] and [36] and the references therein). In
spirit, these representations are all similar to the Wigner-Wootters representation, and Gibbons et al. have proposed a set of postulates [40]
which describe these common characteristics in a rather elegant way.
These postulates have become influential in our understanding possible alternatives to the Wigner-Wootters representation, for this reason
we will use the term discrete Wigner function for a quasiprobability representation satisfying them.
A corollary of the new results presented in this chapter will be that
there exists no RC covariant discrete Wigner function, an extension of
the no-go theorem obtained in [92]. However, our results go further
as we will consider a larger set of representations defined by relaxing
the postulates of Gibbons and collaborators, we call them phase space
representations.
Throughout the rest of this chapter I will only consider the case of
qubits.

Definition 5. The quasiprobability representation F , G of
some subspace K ≤ L(H) is said to be a phase space representation if F is transitively generated by the HW group: there
exists an operator F0 such that

F = { Fa = T ( a) F0 T ( a)† | a ∈ V }.

(3.28)

Remark 8. In the postulates of Gibbons et al. [40], one of the
requirements for a discrete Wigner function is that the HW
group acts transitively on it. Therefore, every discrete Wigner
function is a phase space representation. The converse does
not hold, however, as [40] postulates further requirements for
the former.
Let us briefly expand our justification of the requirement of HW
transitivity. This requirement is in obvious analogy with the construction of the Wigner-Wootters basis A, it allows us to index frame el-

35

36

on phase space representations

ements via phase space. For example, the representation will be covariant under translations in V , just as W.
Beyond being an analogy to the Wigner function, this requirement
is very convenient if one wishes to embed a phase space representation into a quantum computational model with stabilizer error correction. This is because the HW group is a nice error basis [54].6 The
HW group is special among nice error bases in that they may be constructed for any prime power dimension and that its index group is
an elementary Abelian group, for the case of qubits it is Z2n
2 as noted
earlier.
This way, D transitivity makes phase space representations optimal
for stabilizer quantum error correction [71], where the correctable errors are typically displacement operators. Indeed, if our density matrix undergoes an unwanted unitary evolution
ρ 7→ ρ0 = T (u)ρT (u)† ,

(3.29)

then it’s phase space representation is rigidly translated in phase
space,
µ ρ 0 ( v ) = µ ρ ( v + u ).

(3.30)

Correcting the error then amounts to a displacement of the origin in
phase space.
The only degree of freedom one has in defining a phase space representation is in the choice of F0 . This may seem like it is too restrictive,
but in fact one may still obtain a variety of representations with this
definition. Most clearly, if one chooses F0 = A0 , then one recovers
the W representation. One may also recover, for example, the representation used by Delfosse et al. in their computational model over
rebits [33], by choosing
F0 =

∑

TΞ (v),

(3.31)

v∈V 0

where V 0 = {v ∈ V | κ (v) = 0}. In this case, one spans the space
K = Sym(H) of symmetric matrices over Hilbert space, which is
to say that the representation is tomographically complete over real
density matrices.
In both these cases discussed above, it is easy to show that |F | =
22n . One may also obtain a smaller number of elements in the frame
by choosing a suitable F0 . One acheives this by varying the size of the
commutant of F0 in HW. This is obvious if one chooses F0 = 1, where
one collapses to F = {1}. To get less obvious examples, one needs to
work a little harder.
6 A nice error basis is a basis of unitary operators, indexed by a group G called the
index group, {Ug | g ∈ G }; these operators must also generate a projective representation of G, Ug1 Ug2 ∼ Ug1 · g2 .

3.2 revisiting the clifford groups

First of all, notice that the set of all elements in D which commute
with F0 form a subgroup. Furthermore, if T (v) commutes with F0 ,
then so does eiϕ T (v), and therefore one may associate a subspace of
phase space to the commutant of F0 , say V F . In this case, for all u ∈ V F ,
we have that
T (u) Fv T (u)† = T (u) T (v) F0 T (v)† T (u)†

= T (v) T (u) F0 T (u)† T (v)†
= T (v) F0 T (v)†
∀ v.

= Fv

Therefore, the frame will be indexed by the space of V F -equivalence
classes within phase space, V /V F . This leads to the result that

|F | = |V /V F | =

22n
2dimVF

= 22n−l ,

(3.32)

for some l ∈ {0, 1, ..., 2n}.
Remark 9. Notice that if F is generated transitively by D and
span(F ) = L(H), then F is an operator basis.
Summarising, choosing F0 allows us to vary the space K over which
we want tomographic completeness, and it lets us choose the size of
F to be any power of two less or equal than 2n.

3.2 revisiting the clifford groups
3.2.1

The Complex Case

As mentioned before, it would be desireable to find a phase space
representation which is covariant with respect to C . Phase space representations whose underlying operator frame spans all of L(H) —in
which case it is an operator basis—, were ruled out in [92]. In this
subsection I will briefly review this no-go result and how it is related
to the structure of the Clifford group C .
The first step towards the result is proving that if an operator basis
is Clifford covariant, then it must be Heisenberg-Weyl transitive. This
is acheived by Lemma 1. As a preamble to this lemma, we present the
following remark.
Remark 10. Let U be a unitary matrix group over the complex
numbers. As such it is a representation of itself, this representation is called the defining representation. A foundational result
of representation theory is that any complex representation of
U may be decomposed as a direct sum of irreducible representations (irreps) of the abstract group U . In other words, one
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may find a basis in which the defining representation becomes
block diagonal, and these blocks act as irreducible representations of U
If an irrep of U appears in this block decomposition d times,
it is said to have multiplicity d within the defining representation.
Lemma 1. Let U be a subgroup of the symmetry group of an
operator basis, and let R be its defining representation. Furthermore, let us index the irreps of U with some label i, and
let the multiplicity of each irreducible representation within R
be di . Then the number of orbits that U has on the operator
basis is equal to

∑ d2i .
i

In particular, if R is irreducible, then U generates the operator
basis transitively.
Remark 11. It is important to point out that this lemma holds
for operator bases, and in general it ceases to hold for overcomplete operator frames.
Now, if an operator basis is Clifford covariant, then the Clifford
group must be a subgroup of its symmetry group. The HW group, as
a subgroup of the Clifford group, is also a subgroup of the symmetry
group. Finally, since the defining representation of the HW group is
irreducible, then it must act transitively on the operator basis.
Corollary 1. A quasiprobability representation of L(H) arising
from a Clifford covariant operator basis is necessarily a phase
space representation.
This is great news, it would seem, as Clifford covariance is one
of the other most attractive features of the qudit Wigner-Wootters
function. The only problem, of course, is that what one proves next is
that such bases cannot exist.
Theorem 3. There exists no Clifford covariant operator basis
for any n > 1 qubits.
Remark 12. Even in the case n = 1 there exists no Clifford
covariant operator basis [92]. The proof of this statement, however, is different and outside the scope of this thesis.
I decide to include some comments about the proof of this theorem,
the proof itself in full rigor may of course be found in the original
reference [92].
Let F be a Clifford covariant operator basis, by the discussion
above, it follows that it is generated transitively by the HW group.

3.2 revisiting the clifford groups

Then, by Frattini’s theorem of group actions [30, Theorem 3.12], there
exists a subgroup S < C which intersects trivially with D and for
which D · S = C . Such a subgroup S is usually referred to as a complement of D in C . The proof is therefore reduced to showing that no
such complement exists, which is precisely what was proven in [13]:
Theorem 4. If n > 1, then D is not complemented in C .
Remark 13. Recalling that D / C , this theorem is equivalent
to saying that the following equation cannot hold C ∼
= Do
S , where S is isomorphic to the stabilizer subgroup of any
element of the basis.
3.2.2

The Real Case

In the same reference, [13], a result similar to Theorem 4 is proven for
the real Clifford group. This result is less well known in the quantum
information community, and there seems to be a language barrier
between the reference and the language used in physics literature
nowadays. Furthermore, large parts of the proof are left implicit in
the reference.
Since this theorem is important for proving the new no-go theorems presented in this chapter, I have decided to include the theorem
and its proof in the language of this thesis.
Theorem 5. If n > 2, then D is not complemented in RC .
Remark 14. On notation, in the following we denote the identity matrix over V by 1 and the all-zeros matrix by 0.
Proof. Assume, for the sake of contradiction, that D was complemented in RC . Then there is a subgroup S < RC isomorphic to Oκ .
Using equations (2.56) and (2.57), one sees then that S must be a
group of automorphisms of the form
T (v) 7→ (−1) gR (v) T ( Rv)

(3.33)

for orthogonal matrices R ∈ Oκ . The phase functions gR are subject
to equation (2.57) which is reproduced here
gR (u + v) = gR (u) + gR (v) + χ(u, v) + χ( Ru, Rv).

(3.34)

Furthermore, the restriction that S ∼
= Oκ imposes that these functions
should further satisfy, for two orthogonal matrices R, R0 ,
gRR0 (v) = gR0 (v) + gR ( R0 v).

(3.35)
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Consider a canonical basis {ei , f i }. Because n > 2 we may assume
that there are at least three hyperbolic planes hei , f i i for i = 1, 2, 3. We
may further impose the following conditions on the basis elements

κ (e1 ) = κ (e2 ) = 1.

(3.36)

(See Remark 15 for example.)
First, consider an orthogonal transvection A with center e1 ,
A : v 7→ v + [v, e1 ]e1 .
There exists a unique phase function g A corresponding to A such that
the automorphism
T (v) 7→ (−1) g A (v) T ( Av)

(3.37)

is an element of S . Notice that A acts trivially on the symplectic complement of e1 , and that A2 = 1. Since S must contain the identity element, it follows that g1 = g A2 must be the zero function. For brevity,
let ζ = ζ (v) := [v, e1 ]e1 . Then equation (3.35) implies
0 = g A2 ( v )

= g A (v) + g A (v + ζ )
= g A (v) + g A (v) + g A (ζ ) + χ(v, ζ ) + χ(v + ζ, ζ )
= g A (ζ ) + κ (ζ )
=⇒ g A (ζ ) = κ (ζ )
where the third line follows from (3.34). This holds for all v. Choosing
in particular a v outside of the symplectic complement of e1 , so that
ζ (v) = e1 , one concludes that
g A (e1 ) = κ (e1 ) = 1.
Now consider the linear transvection B, with center e2 .

e 7→ e
2
2
B:

f 2 7 → f 2 + e2

(3.38)

(3.39)

Notice that A and B commute so that g AB = gBA as functions. This
way, using equations (3.35) and (3.34) one may compute that
gBA ( f 2 ) = g A ( f 2 ) + gB ( f 2 )

= g AB ( f 2 )
= g B ( f 2 ) + g A ( e2 + f 2 )
=⇒ g A ( f 2 ) = g A (e2 + f 2 ).

(3.40)
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Since the plane he2 , f 2 i is left invariant by A, the restriction of g A to
this plane must be linear —see e.g. equation (3.34):
g A (e2 + f 2 ) = g A (e2 ) + g A ( f 2 ) + χ(e2 , f 2 ) + χ( Ae2 , A f 2 )

= g A ( e2 ) + g A ( f 2 ) + χ ( e2 , f 2 ) + χ ( e2 , f 2 )
= g A ( e2 ) + g A ( f 2 ) .
Together with equation (3.40), this implies
g A (e2 ) = 0.

(3.41)

Similarly e1 and e2 are also left invariant by the action of A, so that
according to equations (3.41) and (3.38)
g A (e1 + e2 ) = g A (e1 ) + g A (e2 ) = 1 + 0 = 1.

(3.42)

To arrive at a contradiction consider an orthogonal transformation
F which acts as7
!
F∗ 0
F=
(3.43)
0 F∗T
where F∗ is given by


1 0 1



F∗ = 
0 1 1 .
0 0 1
The transformation F is written in the basis {e1 , e2 , e3 , f 1 , f 2 , f 3 } so that
it acts as F∗ in the lagrangian {e1 , e2 , e3 }. Notice F∗2 = 1. In the same
basis basis, A may be rewritten as
A=

1 A∗
0

!

1

(3.44)

where A∗ is the projector


1 0 0



A∗ = 
0 0 0 .
0 0 0

7 Matrices of this form are known to be part of Oκ [20]. Indeed, it is easy to check that
κ ( Fv) = κ (v) for an arbitrary v.
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Notice that F∗ A∗ = A∗ and A∗T = A∗ so that A and F commute. For
convenience, let us write explicitly the action of F∗ on the elements ei :

F:




e 7 → e1

 1

e2 7 → e2




e3 7 → e1 + e2 + e3 .

From the arguments above, it follows that gFA = g AF and one may
compute
gFA (e3 ) = g A (e3 ) + gF ( Ae3 )

= g A ( e3 ) + g F ( e3 )
= g AF (e3 )
= gF (e3 ) + g A ( Fe3 )
= g F ( e3 ) + g A ( e1 + e2 + e3 ) .

(3.45)

This yields that
g A ( e3 ) = g A ( e1 + e2 + e3 ) .

(3.46)

Finally, A stabilizes the Lagrangian he1 , e2 , e3 i so that g A must be linear in this subspace so that using (3.46)
g A (e1 + e2 ) = 0.
The contradiction with equation (3.42) finalizes the proof.

Remark 15. For three qubits, one may take the canonical basis
{ei , f i } to be expressed by:
e1 = (11; 00; 00),

f 1 = (01; 00; 00)

e2 = (00; 11; 00),

f 2 = (00; 01; 00)

e3 = (00; 00; 11),

f 2 = (00; 00; 01)

in terms of the standard canonical basis {ẽ1 , f˜1 , ...} which corresponds to the Pauli operators
Xi → ẽi ,

Zi → f˜i

The hyperbolic planes corresponding to each of the three qubits
are separated by a semicolon.
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3.2.3

The One- and Two-Qubit Cases

For the single-qubit case, it is a simple matter to show that RD is
complemented by {1, H } in RC . This itself implies that D is complemented in RC . To see this, notice that up to a phase any element in
RC is one of the following operators


1, Z, X, Y, H, HZ, HX, HY .

This list may be rewritten conveniently as



1, Z, X, Y ∪ H · 1, Z, X, Y .

The result follows.
Remark 16. For completeness, let us state explicitly the orders
| RC| = 16 and | RC| = 8.
For two qubits D is also complemented in RC ; however, the proof
of this statement is a bit more involved.
Remark 17. Any element of RC is an equivalence class of two
unitary operators, say {+U, −U }. The notation usually given
to this equivalence class is U [92]. In the following arguments,
however, I will commit an abuse of notation and refer to this
equivalence class as ‘U’ for simplicity. Furthermore, I will use
the symbol ‘=
ˆ ’ for projective equations.
Any equation involving such equivalence classes is to be interpreted as an equation over the group RC and not an equation regarding the unitary operators. For example the equation
U2 =
ˆ 1 is not to be interpreted as stating that the operator U
squares to the identity, but instead that it squares to ±1.
Let us quickly examine Oκ (Z42 ). This group has order 72, as may be
verified using equation (2.35). Furthermore, the matrices Ĥ1 , Ĥ2 and
Ĉ from equations (2.52) generate it. Indeed these are all orthogonal
matrices, so they must generate a subgroup of Oκ . The order of this
subgroup may be checked computationally to be 72, so they generate
the whole group Oκ .
As stated in the previous subsection, a complement of D would
be a subgroup S < RC which is isomorphic to Oκ (Z42 ) and which
satisfies

S · D = RC

(3.47)

S ∩ D ={1}.

(3.48)
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The isomorphism S ∼
= Oκ is the restriction of the homomorphism
RC → RC /D to S < RC . It follows that if S exists, it must be generated by
H1 T (u), H2 T (v), CT (w).

(3.49)

From the fact that Ĥ1 , Ĥ2 and Ĉ generate Oκ it follows that equation
(3.47) is satisfied by S .
Before moving on to the proof that D is indeed compelmented
in RC , let us derive some restrictions on the generators from (3.49).
These conditions follow from the requirement that the bijection
Oκ → S ,
Ĥ1 7→ H1 T (u),
et cetera
should preserve orders in order for it to be an isomorphism. We therefore impose


H1 T (u)

2

=
ˆ1

2
H2 T (v) =
ˆ1

2
C T (w) =
ˆ 1.



(3.50)

Here, 1 refers to the identity element in the projective group RC . In
other words, it refers to the equivalence class of operators {+1, −1}.
It is convenient to already also impose that the images of Ĥ1 and Ĥ2
should commute:


 


H1 T (u) H2 T (v) =
ˆ H2 T (v) H1 T (u) .
These conditions taken together translate to the following conditions on u, v, w
Ĥ1 u = u,
Ĥ2 v = v,
Ĉw = w,
Ĥ2 u + Ĥ1 v = u + v.
hese equations imply that
Ĥ1 Ĥ2 (u + v) = u + v.
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Solving these equations leads to the following possibilities:

T (u), T (v) ∈ 1, Y1 , Y2 , YY

T (w) ∈ 1, Z1 , X2 , ZX .

(3.51)
(3.52)

A further restriction may be made on T (u) and T (v) by considering
the products Ĉ Ĥ1 and Ĉ Ĥ2 , which one may verify that they satisfy


Ĉ Ĥ1

4


4
= Ĉ Ĥ2 = 1.

(3.53)

Following the same route as above one may discard the possibilities

T (u) ∈ 1, Y1

T (v) ∈ 1, Y2 .

(3.54)

In practice, this was done by writing a program which, for every
choice of T (u), T (v) and T (w) from equations (3.51-3.52), computed


CT (w) H1 T (u)

4

and



CT (w) H2 T (v)

4

.

The output was (projectively equal to) the identity as long as T (u)
and T (v) were not given as in (3.54).
For convenience, let us restate the available possibilities for u, v, w:

T (u) ∈ Y2 , YY

T (v) ∈ Y1 , YY

T (w) ∈ 1, Z1 , X2 , ZX .

(3.55)

From these considerations we may prove that the group

S = h H1 T (u), H2 T (v), CT (w)i
forms a complement of D in RC . To do this, the order |S| has been
calculated computationally, and it is 72 as expected. This proves that
S satisfies equation (3.48). Indeed, the image of S under the homomorphism
RC → RC /D
contains all of the generators of Oκ and therefore must be isomorphic
to the latter. Furthermore, since |S| = |Oκ | = 72, every non-trivial element of S must be mapped to a non-trivial element in Oκ . Therefore
S ∩ D = {1} and S complements D .
Remark 18. The non-projective equivalent of this two-qubit result does not hold —the two-qubit RD is not complemented
in RC . To see this, one would follow a similar construction
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as above, eliminating possibilities for u, v, w, however now the
equations would need to hold at the level of operators and not at
the projective level. For example, one would require operator
equations of the form


H1 T (u)

2

= 1,

et cetera

instead of projective equations such as (3.50). One can fallow a
similar argumentation than the one leading to equations (3.55),
from which one concludes that T (u) ∈ {±1, ±Y2 }, and T (v) ∈
{±1, ±Y1 }. The options T (u), T (v) = ±1 are eliminated by the
requirements


CT (w) H1 T (u)

4


4
= CT (w) H2 T (v) = 1,

as follows from our previous arguments dealing with projective group elements. Therefore the complement, if it existed,
would need to be generated by

± H1 Y2 , ± H2 Y1 , CT (w).
The contradiction comes here, because we’re dealing with the
real case here, the Y matrix is anti-Hermitean,
!
0 −1
Y=
.
1
0
Therefore (± H1 Y2 )2 = −1. But since −1 ∈ RD , this contradicts
the fact that the complement of RD should intersect trivially
with RD (cf. equation (3.48) for example). This implies such a
complement cannot exist.

3.3 result: no-go theorems for qubits
In this section we extend the no-go result above, Theorem 3.
First, let us notice that Theorem 5 has the following corollaries.
Their proofs carry over verbatim from the proof of Theorem 3 (see [92]),
so I omit them. However these corollaries have not been noticed by
the quantum information community, I suspect because of the language barrier between [13] and the language used by the community
nowadays.
Corollary 2. For n > 2 qubits, there exists no operator basis
which is covariant with respect to RC .
Corollary 3. For n > 2 qubits, there exists no RC covariant
phase space representation of L(H).
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Now let us move on to our more general no-go results concerning
phase space representations arising from a (possibly overcomplete)
frame, and possibly restricted to some subspace K ≤ L(H). We assume that K is not the trivial subspace spanned by the identity.
Theorem 6. If n > 1, there exists no C covariant phase space
representation for K.
Furthermore, if n > 2, there exists no RC covariant phase
space representation for K
Since the proofs are absolutely analogous for both cases, we only
present the proof for the latter part of the theorem, involving RC .
Proof. Consider for the sake of contradiction a frame F which yields
a phase space representation of some non-trivial subspace K ≤ L(H)
and is RC covariant. By definition, such a frame is of the form

F = { T ( a) F0 T ( a)† }

(3.56)

for some F0 ∈ K, and it holds that
UF UT = F ,

∀ U ∈ RC .

(3.57)

Elementary group theory implies that |F | = |V |/2r for some natural
number r < 2n. The inequality is strict because otherwise irreducibility of D would imply that K is trivial.
Let us initially take r = 0 and consider the subgroup S < RC
which stabilizes F0 . Using Frattini’s theorem of group actions, equation (3.57) implies that RC = D · S . That is, any element of RC may
be written as an element of D times and element of S . Furthermore,
r = 0 implies that S ∩ D = {1}, so S complements D in RC . This
contradicts Theorem 5.
Now turn to the case r > 0. Let us again consider the subgroup of
RC which stabilizes F0 , call it S . Because r > 0, there is a non-trivial
group G satisfying
G < S,

G < D.

We will use the maximal such subgroup G, so that

S ∩ D = G.

(3.58)

Using Frattini’s theorem one concludes RC = D · S . Such a subgroup S cannot exist. To see this, notice that D acts trivially on phase
space, whereas RC acts transitively on the non-zero elements in phase
space. Therefore S must act transitively on the non-zero elements in
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phase space as well. It follows that, because r < 2n, there exists an
element s ∈ S satisfying that
sGs† 6⊂ G.
However, because G < D and D is a normal subgroup of RC , it must
be that sGs† ⊂ D . Equation (3.58) therefore implies that
sGs† 6⊂ S .
This together with G < S contradicts the assumption that S is a
group.
We may understand a bit more the structure of this no-go theorem
taking a dual point of view. Consider an operator frame F which is assumed to be either C or RC covariant but not necessarily D transitive.
Clifford covariance implies that the span of F must be an invariant
subspace of the action of the Clifford group under conjugation: since
for any Clifford matrix U it holds that U F U † = F , then


span(F ) = U span(F ) U † .
Remark 19. Recall the notation introduced in Chapter 2: K0 is
the subspace of traceless matrices in L(H), K1 is the subspace
of scalar matrices, KSym is the subspace of traceless symmetric
matrices and KAnti is the subspace of traceless antisymmetric
matrices. Furthermore, keep in mind that
L(H) = K1 ⊕ K0 ,
and that

K0 = KSym ⊕ KAnti .
For the case in which we require C covariance, we may be certain
that one of the following three assertions holds
1. span(F ) = K1 , in which case the frame is trivial and of little
interest.
2. span(F ) = L(H), in which case Theorem 3 holds [92].
3. span(F ) = K0 , in which case no valid density matrix may be
obtained as a linear combination of the frame elements.
Therefore, we must conclude that the first part of Theorem 6 —the non-existence of C covariant phase space representations—- adds
nothing new to the result of [92].
This situation changes for the case regarding the non-existence of
RC covariant phase space representations. Let us now assume that
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F is some frame which is covariant with respect to the action of RC .
Then, according to the discussion at the end of Chapter 2, the span
of F may be any combination of K1 , KSym , and KAnti . The cases of
interest are the following.
1. span(F ) = L(H) in which case Corollarly 3 holds.
2. span(F ) = K1 ⊕ KSym .
3. span(F ) = K1 ⊕ KAnti .
Cases 2 and 3 are non-trivial and physically interesting subspaces
of operator space in which Theorem 6 excludes the existence of an RC
covariant phase space representation. Now let us specialize to these
cases to strengthen Theorem 6.
The idea for this strengthening starts by noticing that one could
still consider negativity in a phase space representation as a resource
in the following way. As usual, we assume that our computational
model is a model of quantum computing with magic states and that
either C or RC unitaries are considered freely available. Therefore, to
interpret negativity in a phase space representation, one would need
to obtain a representation in which negativity is preserved by either real
or complex Clifford unitaries. That is to say, one would hope to find
a phase space representation µ of quantum states such that, for any
Clifford unitary U,
µρ is non-negative ⇐⇒ µUρU † is non-negative.

(3.59)

Arguably, the simplest way to obtain this would be a representation which is Clifford covariant: in this case the values of µUρU † are
simply a permutation of the values of µρ . This is not possible according to Theorem 6. However, one can be a bit more general. One way
to achieve this would be to require that under conjugation by Clifford
unitaries frame elements are mapped to convex combinations of frame
elements. If one could find such a frame, and with it define a phase
space representation of quantum states µ, then equation (3.59) would
hold. This is the starting point for our next no-go result.
Definition 6. Consider a quantum system with Hilbert space
H and a matrix group U acting on H. Consider an operator
frame F = { Fµ } over some subspace K ≤ L(H).
F is said to be U convex if for every U ∈ U and for every
Fa ∈ F , one may find a probability distribution p a (b) over the
index set of F such that
UFa U † =

∑ pa (b) Fb .

(3.60)

b

Remark 20. Notice that being U covariant is a special case of
being U convex. That is, if F is U covariant then it follows
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that it is also U convex. Furthermore, if F is U convex, then
span(F ) is an invariant subspace of L(H) under the action
of U . In particular, if U = C , then the only case of physical
relevance is span(F ) = L(H). In this case F cannot give rise
to a phase space representation as this would imply that F is
a C covariant operator basis (ruled out by Theorem 3).
Theorem 7. If n > 1 there exists no operator frame which is D
transitive and C convex. Furthermore, if n > 2, there exists no
operator frame which is RD transitive and RC convex.
To prove this theorem, we need to first prove the following lemma.
Lemma 2. Let F be an operator frame generated transitively
by D , and let Hull(F ) be the convex hull of F within L(H).
Then no element of F may be in the interior of Hull(F ).
Proof. Consider an arbitrary pair of elements Fv , Fu ∈ F . Since one
may map Fu 7→ Fv by unitary conjugation, their spectrum must be
the same. It follows that there is some real constant r for which


tr ( Fv )2 = r ∀ v.
(3.61)
Consider, for the sake of contradiction, that there existed some
frame element Fa ∈ F which may be expressed as a non-trivial convex combination of other frame elements
Fa =

∑ pi Fi .
i

Then



tr ( Fa )2 = r ∑ p2i + ∑ pi p j tr Fi Fj .
i

i6= j

The Schwartz inequality implies tr Fi Fj
right-hand-side. This itself implies



< r for every term in the



tr ( Fa )2 < r.

Now we are in a position to prove Theorem 7. The proof of the
theorem for the case of C convexity carries over verbatim from the
proof of the theorem of RC convexity with K = L(H), therefore I will
only present the proof for the RC case.
Proof of Theorem 7. For the sake of contradiction, assume that there
existsan RC convex frame F which is generated transitively by D ,
F = T ( a) F0 T ( a)† .
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Again, consider the convex hull of the frame elements within L(H),
Hull(F ). Since F is finite by assumption, this hull is a convex polytope. Furthermore, by Lemma 2, the vertices of this polytope are the
elements of F . Because F is RC convex, then the image of Hull(F )
under conjugation by a real Clifford unitary lies inside of Hull(F ). We
write this in the following way, let U ∈ RC ,


U Hull(F ) U † ⊂ Hull(F ).

(3.62)

The action of the real Clifford group on L(H) by conjugation is
an isometry of operator space with respect to the Hilbert-Schmidt
distance. Indeed, for any U ∈ RC and for any two Hermitean matrices
σ and ρ,






tr (UσU † − UρU † )2 = tr U (σ − ρ)2 U † = tr (σ − ρ)2 .

This, in particular, implies that the volume of U Hull(F ) U † and
the volume of Hull(F ) are equal. But then this polytope must be
mapped to itself, and by linearity of the map, the vertices of the polytope must be mapped to vertices of the polytope.
Hence, F must be RC covariant and D transitive, which contradicts
Theorem 6.
The theorems presented here rule out the the simplest ways of
constructing phase space representations in which negativity is a resource for magic state distillation with Clifford or real Clifford operations.
Recently, Delfosse et al. [33] have proposed a computational model
in which the set of free unitaries is further restricted to a subgroup of
RC , the CSS-ness preserving group CCSS . Here CSS stands for CalderbankShor-Steane, CSS codes are an important class of stabilizer codes, see
for example [39, Chapter 8] [43]. The CSS-ness preserving group maps
CSS stabilizers to CSS stabilizers. The real HW group is complemented in CCSS , as proven in [33], and the authors find a CCSS covariant frame which is tomographically complete over K = K1 ⊕ KSym ,
as has been mentioned before.
This solves the problem from the point of view of proposing a
quantum computational model. However, the set of classically efficiently simulatable quantum algorithms in this model is much more
restricted than those simulatable, for example, by the GottesmannKnill algorithm [45]: they allow the efficient simulation of only CCSS
algorithms.
In the case of odd qudits, the situation is the opposite. As explained
before, in reference [84] the authors use the Wigner-Wootters function to propose a method which, like the Gottesman-Knill algorithm,
efficiently simulates Clifford circuits. Moreover, the method of [84]
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accepts a larger class of quantum states as input, not only stabilizer
states.
Therefore, even in the light of the results in [33], we are left with the
question of whether the methods developed in [84] may be adapted
to the case of qubits to go beyond Gottesman-Knill. Theorems 6 and 7
serve as a dead end sign in front of a wide class of such attempts.
3.3.1

A Future Possibility

A possible way to recover Clifford covariance is to allow for frames
which are composed of a few disjoint HW orbits. This possibility will
be shortly examined in this section, and as we will see, one arrives at
some difficulties early on.
The topics explored in this section were the result of discussions
with Hakop Pashayan and Huangjun Zhu. As a disclaimer, they have
not been pursued in detail yet. I include them as they might turn out
useful in future attempts to build Clifford covariant frame representations.
The idea of this construction is to not require that the whole frame
is generated transitively by D . Instead, we look for a frame that has
the form, for example,

F = F 1 ∪ F 2,

(3.63)

where each F i is generated transitively by D , but only the whole F
is C covariant. Such a frame would still have many of the convenient
properties yielded by HW transitivity and could be used to overcome
the the trouble posed by Theorems 6 and 7. Let us generalize a bit,
consider a frame composed of various components

F = F1 ∪ F2 ∪ · · ·
where each component is an orbit of D , e.g.

(1)
F 1 = T (v) F0 T (v)† .
The question then becomes how many components would be necessary for
F to be C —or RC — covariant? Let us compute the action of a Clifford
unitary U which acts on phase space by some symplectic matrix M,
UT (v)U † = eiϕ T ( Mv).

(3.64)
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Acting on an element of F 1 , one obtains
(1)

UFv1 U † = UT (v)U † UF0 U † UT (v)† U †



†
(1)
= eiϕ T ( Mv) UF0 U † eiϕ T ( Mv)




(1)
= eiϕ T ( Mv) UF0 U † e−iϕ T ( Mv)†
(1)

= T ( Mv)UF0 U † T ( Mv)† .
(1)

This will be an element of F if and only if UF0 U † is. For conve(1)

nience, let us rename the operator F0 to F, and let us require that
F spans all of L(H). Our question then boils down to finding an
operator F ∈ L(H) such that
1. its Clifford orbit C( F ) spans L(H),
2. C( F ) together with its dual frame define a quasiprobability representation (cf. Section 3.1),
3. F has the largest possible commutant in the action of C /D . Explicitly, this is the action of C on F, where two elements of the
orbit are identified if they differ by a Heisenberg-Weyl displacement. To be explicit, UFU † and VFV † are identified if there
exists a u ∈ V such that


UFU † = T (u) VFV † T (u)† .
This question seems rather hard to answer in general, as the restriction posed by item 2. seems to disarm the representation theoretical
methods that could be used to address items 1. and 3. It has not been
pursued in detail in this thesis and could be a fruitful avenue of future
research.
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Contextuality is a phenomenon which defies our classical intuition.
Its rigorous study was fuelled by the interpretation of quantum measurements [9, 35, 55]. Broadly speaking contexutality is the answer to
the question ‘does the process of measurement simply uncover a predetermined outcome?’ It is surprising that such a question admits a physical
answer. Even more surprising is the fact that this question may be answered experimentally when contextuality comes in the form of Bell
non-locality [41, 49, 79].
It is important to note, however, that contextuality is not a property
of quantum theory alone, indeed there have been many proposals for
contextual post-quantum theories, see for example [74].
Because of this, we will begin introducing the idea of contextuality with a simple example which is not a quantum system. We will
see from this formulation how contextuality fits naturally into quantum theory and, within the framework of quantum theory itself, give
a formal definition of contextuality. The following example is a summarized adaptation of Specker’s famous parable [80]. A modern treatment of the parable and of contextuality in physics may be found
in [61]. Our presentation we will be admittedly informal, setting aside
the subtleties of probability theory to concisely get the idea across.
There is a room with three closed boxes, each of which contains
a marble which may be white or black. In each round of the experiment, the experimenter enters the room, opens two boxes at random,
records the result, and finally leaves the room. The experimenter notices on the long run that the colors of the marbles she uncovers are
always anticorrelated, one white and one black. The question is then
does the color of the marbles exist prior to the measurement?
This question is intimately tied to the question why does the experimenter never observe two marbles of the same color? Suppose that the
color did in fact exist a priori. In any round of the experiment, the
probability of observing an anticorrelated pair of marbles would be
necessarily smaller than one: there are three marbles but only two
possible colors. This probability is upper bounded by 2/3; this bound
is acheived by a configuration of two blacks and one white, or viceversa.
If there are N rounds in the experiment, the probability of always
observing anticorrelation is upper-bounded by (2/3) N , so in the limit
of many measurements the experimenter can be confident that she
will observe a double black or a double white at least once. Therefore, if this does not happen —which we assume it does not— the
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experimenter may be confident that the colors of the marbles could not
have existed before the measurement. Equivalently, the choice of the measurement —which two boxes are uncovered— has an influence on the
measurement outcome.
Within the worldview of classical physics, where objects have well
defined properties independent of whether they are observed or not,
this kind of behaviour cannot occur.
A vital part for our thought experiment is that the experimenter
can never access the contents of all three boxes simultaneously. If she
could, no paradox would be raised by the experiment. Within classical mechanics this condition is satisfied, in principle one may always
observe every degree of freedom in the system. Within quantum mechanics, however, this is not so. As a personal opinion, I believe that
this is the reason why contextuality finds such a natural realization
within quantum theory.
Contextuality has remained a consistently controversial topic for
decades. It was originally introduced, together with its close relative
non-locality, to study the question can quantum mechanics be incomplete
and, if so, which characteristics would be required of a candidate completion of quantum theory? Interpretations which assume that quantum
mechanics merely expresses a state of knowledge about the system
are called epistemic. The history of how contextuality has been used
to tackle this sort of question dates back to the early days of quantum foundations [9, 35, 55] and continues to be an active field of
research nowadays [58, 59, 81]. Among other controversies, there has
been an extended discussion of whether one may actually detect experimentally contextuality when it does not come in the ‘flavour’ of
non-locality, see [4, 88, 94], and about what are necessary and sufficient conditions for contextuality [17, 26, 75].
Within the quantum information community it has gained attention recently due to it being a resource in many models of quantum computing [11, 33, 50, 76], as well as for certain communication
tasks, for example [83].1 For qubits, however, the idea that contextuality is a resource seems to be incompatible with current models for
fault-tolerant quantum computing. This is because of the presence
of state independent contextuality (SIC) in the measurements available
from the stabilizer formalism, phase space measurements. This incompatibility can be resolved using clever computational models as in [11,
76]; however, proposing such models is highly non-trivial.
In this chapter I provide new results concerning the emergence of
state independent contextuality in phase space measurements. In the
light of the results in [76], these results may be useful when constructing computational models for which contextuality is a resource.
1 Contextuality is a communication resource much more directly when it comes in
the form of non-locality —a concept which will be tangentially explained later. An
example of this is quantum key distribution [2, 3].
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The Chapter is organized as follows. I begin with a review of contextuality and state independent contextuality, spending some time
on the Mermin-Peres square. After that come the original results.
First, in Section 4.2 I prove large sets of phase space measurements
are SIC with high probability. Then, in Section 4.3, I introduce an
Ising-like Hamiltonian witness, HW , for SIC in phase space measurements. I conclude the section with an illustration of how HW detects
SIC in two-qubit measurement sets.
I should add a disclaimer that this work considers only the more
traditional notion of Kochen-Specker contextuality, as opposed to the
more generalized contextuality proposed by Spekkens (see for example [82] for the latter).

4.1 contextuality in quantum mechanics
With this initial intuition, let us be more formal. Consider a quantum
system with Hilbert space H = Cd . We will be interested in studying
multi-qubit systems so we will focus on the case d = 2n . Throughout,
every set of observables will be finite.
Definition 7. A context is a set of observables { A, B, ...} which
are all jointly measurable, that is,

[ A, B] = 0, ...

(4.1)

Remark 21. The commutator above is not the group commutator anymore, but the standard algebraic commutator,

[ A, B] := AB − BA.
Throughout this chapter every commutator will be an algebraic commutator of the form above.
Definition 8. Let O = {O1 , O2 , ...} be a set of observables and
σ(Oi ) be the set of eigenvalues of Oi . A non-contextual value
assignment (NCVA) [34] is a map

λ:


O

→C


Oi

7→ x ∈ σ(Oi )

(4.2)

that factorizes over products of commuting observables,

[Oi , O j ] = 0 =⇒ λ(Oi O j ) = λ(Oi )λ(O j ).

(4.3)
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Furthermore, it is required that the map λ can be extended to
scalar multiples of the observables linearly as

λ zOi = zλ(Oi )

∀ Oi .

(4.4)

Remark 22. For simplicity in the arguments, we will always
assume that 1 is contained in observable sets O . Furthermore,
for aesthetics we will leave this implicit, i.e. whenever O is
specified giving a list of observables, we will not include the
identity in that list.
An NCVA λ allows one to think classically of measurements —that
is, thinking of measurements as something passive. For example one
may interpret the measurement of Oi as simply uncovering the value
λ(Oi ), this measurement outcome would be the same independent
of the context in which Oi is measured. The requirement (4.3) is so
that the predictions of λ are consistent with the correlations of joint
measurement outcomes predicted in quantum mechanics: if one measures a context { A, B, AB}, the measurement outcomes predicted by
quantum mechanics will always be of the form { a, b, ab}.
Now, an NCVA predicts measurement outcomes in a deterministic manner, but quantum mechanics makes probabilistic predictions.
Therefore, a more realistic classical model of measurement outcomes
would include many NCVAs and a certain degree of ignorance from
the experimenter’s point of view. This is achieved by the following
definition.2
Definition 9. Consider a system in state ρ and a set of observables O = {O1 , O2 , ...}; the tuple {ρ, O} will be referred to as a
setup. A non-contextual hidden variable model (NCHVM) for the
setup {ρ, O} is given by the following data [34]
• A finite set S,
• A set Λ of NCVAs indexed by S

Λ = λν | ν ∈ S ,
• A probability distribution qρ over S such that

tr ρOi =

∑ qρ (ν)λν (Oi )

∀ i.

(4.5)

ν∈S

If there exists no NCHVM for a given setup, the latter is said
to be contextual.
To give an illustration of how these ideas are realized in quantum
mechanics let us review a simple example which is also a cornerstone
2 A more extended discussion about these definitions may be found in [34, 70].
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in the history of modern physics, the Clauser, Horn, Shimony, Holt
(CHSH) setup [27]. This set up was one of the first to demonstrate
that the predictions of quantum mechanics are non-local, we will see
in a moment what this precisely means.
Imagine a system of two spins, with H = C2 ⊗ C2 and the state ρ
is a projector onto the singlet subspace spanned by |01i − |10i. The
observables will be
n
 1
o
1
X1 , Z1 , √ Z2 + X2 , √ Z2 − X2 .
2
2
These correspond to measurements along the x or z axis on the first
spin, and measurements which are rotated by 45◦ on the second spin.
Notice that the four observables have eigenvalues ±1.
This setup is best visualized by Figure 4.1, where we have conveniently expressed the observables using the real Hadamard matrix
H,

1
H : = √ Z+X
2

1
ZHZ = √ Z − X .
2
In the diagram, observables connected by an edge are commuting,
this type of object will be called a commutation graph.

Figure 4.1: Observables in the CHSH setup. X and Z are again Pauli matrices and H is the Hadamard matrix.

Now, consider the following correlator

h X ⊗ H i + h Z ⊗ H i − h X ⊗ ZHZ i + h Z ⊗ ZHZ i.

(4.6)

A direct calculation √
shows that, quantum mechanically, the value of
this correlator is −2 2.3
Now, let us assume that there exists an NCHVM for this set up.
Then the value of the correlator is a convex combination of the values
predicted by each possible NCVA. Now, for any NCVA λ, it is a simple matter to verify that the value of the correlator is either 2 or −2,
so the value of the correlator lies inside [−2, +2]. But this contradicts
the quantum mechanical prediction above, so this setup is contextual.
The historical importance of this contextual setup comes from considering the two spins to be physically located in two causally dis3 It is useful to remember that the singlet |01i − |10i is stabilized by {− Z ⊗ Z, − X ⊗
X, −Y ⊗ Y }.
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connected regions of spacetime. In this scenario, no local party can
access the full information about which context was chosen until after the measurement results have been obtained. In this sense the
predictions of quantum mechanics are non-local, and this non-locality
is just an expression of contextuality. Non-locality has deep implications for the philosophy of physics, see for example [28], however we
shall not pursue this topic further in this thesis.
Non-locality may furthermore be turned into a resource, this has
been developed into a whole research area —device independent quantum key distribution [2, 3].
4.1.1

Phase Space Observables

Throughout this thesis we will consider sets of observables taken
from the HW group D , phase space observables. We will denote such
sets of observables by E . Without loss of generality these observables
may be chosen to be displacement operators in a specific gauge, since
two observables which differ by a global phase define the same projective measurement. We will use the Pauli gauge throughout this
Chapter, cf. equations (2.4,2.20). Because of this, we will use the symbol T (v) for displacement operators in this gauge, as opposed to the
more cumbersome notation of TΞ (v).
As said, a set E of phase space observables may be identified with
some set of displacement operators. Equivalently, one may identify E
with a set of vectors in phase space, so we may think of E in the two
following ways

E := { T (v)} ⊂ D
E := {v}

⊂ V.

I will alternate between using any one of these points of view, depending on which one is more convenient for each particular argument. Furthermore, the same symbol E will be used for both cases
(in an admitted abuse of notation) for the sake of clarity.
Similarly, a context may be identified with a set of vectors

{u1 , u2 , ..} ⊂ E ⊂ V
all of which mutually commute,

[ ui , u j ] = 0

∀ ui , u j ,

where [ui , u j ] is the symplectic product between ui and u j , see equation (2.14). A particular kind of context which will be used frequently
is a context which corresponds to an isotropic subspace of V . If such a
subspace has dimension k, the context it corresponds to will be said
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to be a k-dimensional context. The set of all k-dimensional contexts contained in E will be denoted by Ik (E ) or Ik for simplicity.
4.1.2

State Independent Contextuality

In the CHSH example, a rather important property of the setup was
that the state was entangled. If we had taken the maximally mixed
state ρ = (1/4)1, we could have easily found a NCHVM.4 There are
certain sets of observables which are more stringently non-classical:
any setup which includes them must be contextual. These observable
sets are called state independently contextual (SIC). A sufficient condition for SIC is that no NCVA exists for the observable set; in practice
we shall prove that an observable set is SIC by showing there exists
no NCVA for it.5
Let us consider a simple and important concrete example of state
independent contextuality (we will also use the acronym SIC for this),
which takes place over H = C2 ⊗ C2 . Consider the set of observables in Figure 4.2, the observable set is known as the Mermin-Peres
square [67, 72]. We will occasionally refer to this square by the symbol
 for simplicity.

Figure 4.2: The Mermin-Peres square. We again use the notation in which
subindices denote in which tensor factor the Paulis act. Furthermore, we leave the symbol ‘⊗’ implicit, so that products such as
Z ⊗ Z are written ZZ.

The Mermin-Peres square is SIC, and this is easy to show through
the following considerations. We start out by examining the combinatorics of the square: each row and each column in the square form a
context. Furthermore, the product of all the operators along one row
or column is either ±1: for the rightmost column it is −1 and for
every other context it is +1.
Assume, for the sake of contradiction that the square admits some
NCVA λ. Because of the considerations above, λ needs to satisfy the

4 For the maximally mixed state notice that the expectation value of every observable
in Figure 4.1 is zero. There are 24 NCVAs taking the four observables to {±1}. Taking
a constant distribution qρ = 2−4 over these NCVAs, one obtains an NCHVM for the
setup.
5 Whether there is some loss of generality in this is a question left open: are there sets
of observables which, although they admit some NCVA, are SIC?
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following equations, which follow from the restriction (4.3) which any
NCVA must satisfy:
λ( Z1 )λ( Z2 )λ( ZZ ) = 1
λ( X2 )λ( X1 )λ( XX ) = 1
λ( ZX )λ( XZ )λ(YY ) = 1
λ( Z1 )λ( X2 )λ( ZX ) = 1
λ( X1 )λ( Z2 )λ( XZ ) = 1
λ( ZZ )λ( XX )λ(YY ) = −1.
This set of equations cannot be consistent: simply taking the product
of all equations one gets +1 on the left-hand side and −1 on the right
hand side. Therefore the Mermin-Peres square is SIC.
4.1.3

A Closer Look at the Mermin-Peres Square

In this subsection we study the square of Mermin and Peres in more
detail. The purpose is two-fold, on the one hand  establishes a simple connection between the more abstract subject of state independent contextuality and the more concrete stabilizer world.6 On the
other hand, it sets up the stage for the proofs of state independent
contextuality which will appear later in this chapter.
Let us first consider the set of symmetry transformations of the
square U  U † =  within a two qubit Hilbert space. This problem
has been considered before [70]; however, here we present the results
in a new way.
Since the square contains a generating set for the two-qubit HW
group, it follows that U must belong to the two-qubit Clifford group.7
Being in the Clifford group, it must preserve commutation relations,
so a context will be mapped to a context. Notice that all the elements in the square have vanishing quadratic form κ (see 2.11). In fact,
one may check that the square contains all elements of the two-qubit
phase space with vanishing quadratic form. Because any symmetry
transformation must be invertible, this implies that the orthogonal
group Oκ (Z42 ) is a subgroup of the symmetry group of the square.
Now, Oκ acts transitively on the set of contexts of the square (this
follows from Theorem 2). Therefore, up to phases, any context in
the square may be mapped to any other context in the square via
conjugation with a real Clifford unitary.
To calculate the order of the symmetry group, let us consider the
action of a symmetry transformation on a particular context, say the
6 As a proof of concept, it is worthwhile comparing the complexity of the proof of
Kochen-Specker theorem via  as in [72] and the original proof of the theorem [55].
7 Technically, it must only be in the two qubit Clifford group up to a phase —this
follows from the irreducibility of D . This phase is unimportant, however, and we
may assume that U ∈ C .
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row ( Z1 , Z2 , ZZ ) (see Figures 4.3 and 4.4 for a visualization of the
transformation explained here). This row may be sent to any row
or any column, which gives 6 options. The image of any other row
under the symmetry transformation must run parallel to the image of
( Z1 , Z2 , ZZ ) —otherwise the transformation would map six operators
to five, and would thus not be invertible. Take the other row to be
( X2 , X1 , XX ), since the position of ( Z1 , Z2 , ZZ ) is already fixed, this
leaves 2 possible images of ( X2 , X1 , XX ) —cf. Figure 4.4. Having fixed
these two rows, the image of the third row is fixed.

Figure 4.3: Under a symmetry transformation the context ( Z1 , Z2 , ZZ ) must
be mapped to another context, in this case we have chosen
( Z2 , X1 , XZ ).

Figure 4.4: After having fixed the image of one context, we have two options
corresponding to which is the image of one context running parallel to it.

Now, even though the images of the rows have been fixed already,
one could still do some reshuffling within the rows.8 Since contexts
must be mapped to contexts, this reshuffling must be rigid: if one
reshuffles

( Z1 , Z2 , ZZ ) 7→ ( Z2 , Z1 , ZZ )
then one must also reshuffle

( X2 , X1 , XX ) 7→ ( X1 , X2 , XX )
( ZX, XZ, YY ) 7→ ( XZ, ZX, YY ).

8 These correspond to a invertible linear transformation on a Lagrangian subspace.
By Witt’s theorem, such transformations can be always extended to a symplectic
transformation on phase space.

63

64

on state independent contextuality

All in all, therefore, one has access to an extra of 3! = 6 permutations
within a row. Taking all these degrees of freedom into account, one
finds that the order of the symmetry group is 6 · 2 · 6 = 72. Together
with the fact that, by equation (2.35) |Oκ (Z42 )| = 72, this implies that
the symmetry group of the Mermin-Peres square is isomorphic to
Oκ (Z42 ). Translating this back to Hilbert space language, the unitary
symmetry group of the square is RC (up to global phases).
As a sanity check, the symplectic orbit of the Mermin-Peres square
was explicitly calculated with a computer, the orbit has size 10. This
agrees with the fact that the two-qubit symplectic group has order
72 · 10 = 720 (by equation (2.23)). The symmetry group of  is furthermore known to be generated by the Hadamard matrices and the
CNOT matrix [70].
As an example, consider the simple case of the symmetry transformation H1 , where Z1 and X1 are exchanged. This transformation
transposes the square, sending rows to columns and vice-versa.
Remark 23. Recall that RD is not complemented in RC for two
qubits but it is complemented for one qubit, this is Remark 18.
This coincides with the presence of SIC in the two-qubit RD
but its absence in the one-qubit RD .
In an on-going work with Markus Heinrich, we have shown
that the non-complemented result may be phrased using a discrete analogue of a fibre bundle: the bundle is trivial for n = 1
qubit, and non-trivial for more qubits. There are recent similar constructions that have been used to phrase the emergence
of SIC (using e.g. group cohomology [70] or sheaf theory [1,
8]). We suspect that this is not a coincidence, that there is an
underlying topological reason for both the fact that RD is not
complemented in RC and the fact that observables in RD is
SIC.
However, since this line of research is at its very beginning, I
will not go into details of how this fibre bundle is constructed
in this thesis.
Now let us turn to explore a convenient algebraic property of the
Mermin-Peres square. As we will see in the next section, this property
seems to play an important role in the emergence of SIC. The property
is that for every pair of commuting observables in the square, their
product is also in the square (up to a phase). For example Z1 and Z2
commute, hence ZZ is also in the square. We call this property being closed; it features prominently in a recent topological formulation
of contextuality [70]. This observation motivates the following definitions. For convenience, we treat E as a subset of V instead of a set of
displacement operators.
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Figure 4.5: Situation in the proof.

Definition 10. A phase space observable set E is said to be
closed if for every pair of elements u, v ∈ E

[u, v] = 0 =⇒ u + v ∈ E .

(4.7)

Definition 11. Let E be a set of observables in phase space.
Then it’s closure, ϕ(E ) is the smallest set of observables in
phase space which contains E and is closed.
Proposition 5. For any observable set E there exists a unique
closure ϕ(E ).
Proof. In the case where E is closed itself, it is trivially its own unique
closure, so consider a non-cosed set E . Assume for the sake of contradiction that ϕ1 and ϕ2 are two distinct minimal closed sets containing
it such that neither ϕ1 ⊂ ϕ2 nor ϕ2 ⊂ ϕ1 . The subset diagram corresponding to this situation is shown in Figure 4.5.
Notice that since both sets are closed, then ϕ1 ∩ ϕ2 must be closed
also: for every commuting pair a, b ∈ ϕ1 ∩ ϕ2 , it must hold that
a + b ∈ ϕ1
a + b ∈ ϕ2

=⇒ a + b ∈ ϕ1 ∩ ϕ2 ,
where the first two lines follow separately from the closedness of both
ϕ1,2 . But then neither ϕ1 nor ϕ2 may be minimal because ϕ1 ∩ ϕ2 is
also closed. But this contradicts the assumption that ϕ1,2 are minimal.
The map ϕ(·) will be a valuable tool in deriving one of the new
results presented in this thesis, the genericity of SIC in phase space
observable sets. For this reason, in the rest of this subsection we give
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it a closer examination, showing how it relates to SIC and how it
generates the Mermin-Peres square. To the best of my knowledge
this characterization has not been done before.
First we provide a simple pseudo-algorithm that constructs ϕ(E )
out of any E .
Data : Observable set E .
for a, b ∈ E do
if a + b ∈
/ E AND [ a, b] = 0 then
E → E ∪ { a + b}
end
end
Repeat until one obtains a closed set.
Algorithmus 1 : Pseudo algorithm to generate ϕ(E ).
Lemma 3. The action of the Clifford group commutes with that
of the closure map ϕ,
U ϕ(E )U † = ϕ(U E U † )

(4.8)

for every Clifford unitary U.
Proof. First, notice that U E U † ⊂ U ϕ(E )U † , so
ϕ(U E U † ) ⊂ ϕ(U ϕ(E )U † ) = U ϕ(E )U † .
The last equality follows from the fact that Clifford conjugation preserves commutation relations so that U ϕ(E )U † is closed because ϕ(E )
is.
Conversely, by construction U E U † ⊂ ϕ(U E U † ) which implies

ϕ(E ) ⊂ ϕ U † ϕ(U E U † )U = U † ϕ(U E U † )U,
where again the last line follows because U † ϕ(U E U † )U is closed. But
this already implies U ϕ(E )U † ⊂ ϕ(U E U † ). The result follows.

Remark 24. One may check that if there exists an NCVA for
some E , then there exists an NCVA for any Clifford transform
of E . If λ is an NCVA for E , then λ̃ as defined in the following
provides an NCVA for U E U † .
λ̃(U AU † ) = λ( A)

∀A ∈ E .

This would also hold if U were an arbitrary unitary, however
we are only interested in the case U ∈ C so that both E and
U E U † are sets of phase space observables.
To get a bit more concrete, let us ask which subsets E of the MerminPeres square are such that ϕ(E ) = ? When this is the case we will
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say E generates the Mermin-Peres square. This will become a useful
question in the next section. We have the following results.
Lemma 4. No phase space observable set E with three or fewer
non-trivial observables may generate .
Proof. Because E contains at most three non-trivial elements, the dimension spanned by ϕ(E ) cannot be larger than three. However, the
Mermin-Peres square contains a basis for the two-qubit phase space,
which has dimension four. Therefore ϕ(E ) cannot be the square.
Now, again, we ask what sets do generate ? One example of such
a set would be
Z1

Z2

X2 X1
For reasons that will become clear in the next parragraph, we will
denote this observable set by E3 . Let us quickly walk through the
process E3 7→ ϕ(E3 ) as Algorithm 1 would. Evidently, the two rows
and two columns get completed into two rows and columns of , for
example
ϕ



Z1 , X2




= Z1 , X2 , ZX .

Therefore, this leads to
Z1

Z2

ZZ

X2

X1

XX

ZX XZ
But this set is still not closed, for instance [ ZX, XZ ] = 0 but their
product, YY, is not in the set. Therefore one must include YY into the
set, with which one completes the Mermin-Peres square. Since the
square is closed, the algorithm terminates.
In a similar manner, one may prove that the following observable
sets generate the Mermin-Peres square,

E1 := X1 , Z1 , ZX, ZZ ,

E2 := X1 , Z1 , ZX, XZ ,

E3 := X1 , Z1 , X2 , Z2 .

(4.9)

These sets are minimal, as they have only four elements. Their commutation graphs are shown in Figure 4.6, the commutation graph of
Ei will be called Ai .
By using Lemma 3 one concludes that if U is a symmetry of , then
U Ei U † for any of these sets generates the square aswell. Notice that
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all these sets are represented by four linearly independent vectors in
phase space, this will become relevant in the next section.

Figure 4.6: Minimal generators of the Mermin-Peres square with their commutation graphs.

Remark 25. It may be shown that any observable set whose
commutation graph is either A1 , A2 , or A3 must be represented
by four linearly independent vectors in phase space. I omit this
calculation as it is not particularly enlightening. Together with
Witt’s theorem, this implies that any such observable set is a
symplectic transform of E1 , E2 , or E3 .
4.1.4

Maximal Non-trivial Closed Sets

This subsection serves as a grain of salt: closedness may be a convenient algebraic property but it can be rather restrictive. In this section
we illustrate this point with a simple example concerning large observable sets which are closed. It begins with the observation that if
we include every possible phase space observable, i.e. if E = V , then
it trivially follows that E is closed.
What about if we were to delete one observable from E , would it
still be closed? Take that observable to be u ∈ V , so that

E = V \ { u }.
This set is not closed anymore: because the symplectic product is nondegenerate, there will be a non-zero vector v ∈ E for which [u, v] = 0.
By assumption u + v ∈ E as well, but (u + v) + v = u ∈
/ E.
We are led to the question how many elements do I need to delete, at
least, so that I end up with a closed set?
This question has not been answered yet, to the best of my knowledge. Concerning this we have the following lemma.
Lemma 5. Let E be a closed strict subset of V , then it holds
that
3
|E | ≤ |V |.
4

(4.10)

4.1 contextuality in quantum mechanics

Proof. We start by calculating how many two dimensional contexts
contain an arbitrary displacement operator T ( a). Without loss of generality, we can choose T ( a) = X1 . (Equivalentely, we may choose a to
be the first element of a canonical basis, and express every element
of phase space in terms of that canonical basis.) Every displacement
operator that commutes with X1 is of one of the following two forms
X1 ⊗ T,

1 ⊗ T,

(4.11)

where T represents any n − 1 qubit displacement operator. The two
operators in (4.11) mutually commute and commute with X1 , furthermore it is easy to see that since X1 squares to the identity,


X1 ⊗ 1 · X1 ⊗ T = 1 ⊗ T,
so the three operators form a two dimensional context. Therefore,
one may index the two-dimensional contexts which contain X1 by
non-trivial displacement operators in n − 1 qubits; these are contexts
of the form
n
o
X1 , 1 ⊗ T, X1 ⊗ T .
There are 22n−2 − 1 such contexts, we denote the set of these contexts
by M1 . Notice that any pair of contexts in M1 intersect only on X1
—being two dimensional, if they intersected in more than one observable then they would be identical.
Now consider the observable set Ẽ = V \ { X1 }. What is a lower
bound on the number of observables we would have to eliminate
from this set in order to make it closed? At the very least, we must
eliminate one other element from every context in M1 ; for example
consider the following context
n

o
X1 , X2 , XX .

If we eliminate only X1 from it, then we will still be left with X2 and
XX ∈ Ẽ . But X2 · ( XX ) = X1 ∈
/ Ẽ , so the set cannot be closed.9 This
means that the maximal size of a non-trivial closed set is at most

|Ẽ | − |M1 | = |V | − 1 − |M1 |
= 22n − 1 − (22n−2 − 1)
3
3
= 22n = |V |.
4
4

9 As a general guiding principle, one may notice if R is a two dimensional context
and |Ẽ ∩ R| = 3 (including the identity), then Ẽ can not be closed.
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Remark 26. I have not reached a conclusion of whether the
bound provided by Lemma 5 is tight or not. My first guess
would be that it in general is not. However, Zhu has provided
in a private communication an observable set which is closed
and comes reasonably close to the bound. Over n qubits, it is
simply the tensor product of a Mermin-Peres square over the
first two qubits and all of the phase space observables over the
other n − 2 qubits. This set is closed by construction and its
size is 10
16 |V |.

4.2 result: genericity of phase space sic
In this section I prove one of the original results of this chapter, that
SIC generically arises in large enough sets of phase space observables.
These observable sets are constrained to be closed, in the sense of the
previous section, and this constraint is implemented via the closure
map ϕ(·).
The emergence of SIC in phase space observables has been a problem of interest in relation to recent models of quantum computing
with magic states [76]. In the reference the authors show that if the
set of freely available observables in the model is not SIC, then magic
states must be contextual with respect to those measurements. This
extends an equivalent result obtained for qudits, ‘contextuality supplies
the magic for quantum computation’ [50].
In [76], the authors construct special sets of phase space observables which do not give rise to SIC, a similar strategy is followed
in [33]. The question then arises of whether such models are easy to
come accross. The result in this section suggests that this is not the
case, a typical large set of phase space observables is SIC.
Although the observable sets we consider are not fully general, our
proof serves as a guiding point for more general proofs of wether
SIC is generic in phase space. Furthermore, the property of being
closed has featured prominently in recent formulations of contextuality with strong connections to measurement based and magic-state
based quantum computing [70]. This proof therefore may be used to
simplify proofs of contextuality that would require computation of
cohomology groups, a task which is expected to be hard in general
[57].10
Our proof will involve calculating the size orbit of the Clifford
group on E1 , E2 and E3 ,11 and proving that a large enough set E has
a high probability of containing at least one element of these orbits.
From this and lemma 3 it follows that ϕ(E ) has a high probability of
containing a Mermin-Peres square and hence of being SIC.
10 Approaches like [1] using sheaf theory would also be expected to face complexity
difficulties [7].
11 The observable sets Ei were defined in (4.9).
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For the sake of completeness, we start with the following definition.
Definition 12. Let E be the commutation graph of E , with vertices vert(E). The symmetry group of E, G(E) is the set of bijections
g : vert(E) → vert(E)
such that u, v ∈ vert(E) are neighbours if and only if g(u), g(v).
If E is furthermore a set of linearly independent vectors, then by
Witt’s theorem 1 it follows that one may generate all the symmetry transformations in G(E) by a symplectic transformation on phase
space. This is the case for E1 , E2 , E3 .
Using the fact that D acts trivially on itself, modulo phases, we conclude that the number of observable sets that are a Clifford transform
of a Ei is just the size of the symplectic orbit of Ei seen as a set of
vectors in phase space. From the theory of group actions, we know
that the size of this orbit is

|Sp(n)|
,
|Stab(Ei )|

(4.12)

where we have used the shorthand Sp(n) = Sp(2n, 2) and where
Stab(Ei ) is the symplectic stabilizer of the set of vectors Ei ⊂ V .12
With these remarks in mind, we prove the following.
Lemma 6. Consider a symplectic subspace Vk < V with dimension 2k, and let Vn−k be its symplectic complement. Notice
V = Vk ⊕ Vn−k .
A subgroup G < Sp(n) which has Vk as an invariant subspace may be decomposed into block diagonal form as

G = Gk ⊕ Gn−k

(4.13)

where Gk < Sp(Vk ) and Gn−k < Sp(Vn−k ). That is, an arbitrary
element of G has the form
!
A 0
0

C

where A ∈ Gk and C ∈ Gn−k .
Remark 27. Since the characteristic of Z2 divides the order of
Sp(n), many results from the theory of complex representa12 That is, the subgroup of Sp(n) of matrices M satisfying
M · Ei = Ei .
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tions cease to hold in our case. In particular, Lemma 6 does
not follow trivially from Maschke’s theorem.
Proof. Let us work in a canonical basis {ei , f i } for which
span{ei , f i | i ≤ k } = Vk .
The most general type of matrix which has Vk as an invariant subspace has the following block form
A B

M=

!
(4.14)

C

0

Where A is a 2k × 2k matrix, B is 2k × (2n − 2k) and C is (2n − 2k ) ×
(2n − 2k). M is symplectic if and only if it satisfies the following
equation [22]
MJ M T = J

(4.15)

where
0 1




1 0


J=
0 1


1 0






.






..

.

We have left blocks of zero entries blank. J is a 2n × 2n matrix, so
that it has n blocks along the diagonal. In the following Jl denotes
the 2l × 2l matrix with the same structure as J but which has l blocks
instead of n.
Computing MJ M T explicitly, one finds
T

MJ M =

AJk A T + BJn−k B T

BJn−k C T

CJn−k B T

CJn−k C T

!
.

Equation (4.15) then implies that
CJn−k C T = Jn−k ,

(4.16)

T

CJn−k B = 0,

(4.17)

AJk A T + BJn−2 B T = Jk .

(4.18)

Equation (4.16) implies that C ∈ Sp(n − k ). Therefore CJn−2 is invertible, and equation (4.17) implies that B = 0. Finally, using this
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information in equation (4.18) we get that A ∈ Sp(k ). It follows that
M has the form
!
A 0
M=
0 C
for some A ∈ Sp(k ) and C ∈ Sp(n − k ). The result follows.
Lemma 7. Let E be an observable set with commutation graph
Ai —so that E is a Clifford transform of Ei . Then
Stab(E ) ∼
= G(Ai ) ⊕ Sp(n − 2)

(4.19)

where G(Ai ) is the symmetry group of Ai .
Proof. Throughout the proof M and A will denote symplectic transformations.
Notice that for any symplectic transformation M, the symplectic
stabilizers of M · Ei and Ei are isomorphic. Explicitly, if A stabilizes
Ei , then MAM−1 stabilizes M · Ei . It follows that all symplectic transforms of Ei have isomorphic symplectic stabilizers. It is therefore sufficient to consider the symplectic stabilizers of the sets Ei themselves.
Since all Ei set act non-trivially only on two qubits (see Figure 4.6
for example), then Sp(n − 2) is a subgroup of the stabilizer of Ei . In
general the stabilizer group can be larger than this: it can act nontrivially in the relevant two qubit space and still stabilize Ei . However, since Ei is a basis for the symplectic subspace corresponding to
the first two qubits (say V2 ), Stab(Ei ) must have V2 as an invariant
subspace. From Lemma 6 it follows that the stabilizer may be decomposed as

G ⊕ Sp(n − 2),

(4.20)

where G is a subgroup of Sp(2).
Now, since the symmetry transform is constrained to be symplectic, it cannot change the commutation graph Ai of Ei . Therefore G is
isomorphic to some subgroup of G(Ai ). Finally, Ei is a basis for the
two qubit subspace, so any g ∈ G is fully specified by its action on
the graph Ai and G ∼
= G(Ai ).
Remark 28. The symmetry groups of A1 and A2 are both isomorphic to Z2 . The symmetry group of A3 is isomorphic to
the dihedral group of a square, D4 .
Now, we may characterize the size of the orbit of Ei . We will actually be interested in determining the fraction of all observable sets
with four non-trivial observables which are symplectic transforms of
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some Ei . Let M4 be the set of all observable sets with four non-trivial
observables on n qubits, its cardinality is given by

|M4 | =
<

1 2n
(2 − 1)(22n − 2)(22n − 3)(22n − 4)
4!
1 8n
2 .
4!

(4.21)

Lemma 8. Consider n ≥ 3 qubits and let i = 1, 2, then

|Orb(Ei )|
63 15
> 3 · 2−4 ·
·
:= r.
|M4 |
64 16
Proof. First, notice that

|Orb(Ei )| =

|Sp(n)|
.
|Stab(Ei )|

(4.22)

From Lemma 7 we know that Stab(Ei ) ∼
= Sp(n − 2) × Z2 . In general,
the order of the symplectic group is (see equation (2.23))

|Sp(n)| = 2n

2

n

∏(22i − 1).

(4.23)

i =1

For completeness let us also state explicitly

|Sp(n − 2)| = 2n

2 +4−4n

n −2

∏ (22i − 1).

(4.24)

i =1

Therefore, the ratio of this two numbers is

|Sp(n)|
= 24n−4 (22n − 1)(22n−2 − 1).
|Sp(n − 2)|

(4.25)

Now, since n ≥ 3 we have that

(22n − 1) ≥ b1 22n ,

(22n−2 − 1) ≥ b2 22n−2

for b1 = 63/64 and b2 = 15/16. Therefore

|Sp(n)|
≥ b1 b2 28n−6 .
|Sp(n − 2)|

(4.26)

We are still missing the factor of 1/2 coming from the Z2 component
of the stabilizer subgroup (see Lemma 7 and Remark 28), so that

|Orb(Ei )| ≥ b1 b2 28n−7 .
Finally, using equation (4.21) we get that

(4.27)
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|Orb(Ei )|
> (4!)2−7 b1 b2 = 3 · 2−4 · b1 b2 ,
|M4 |

(4.28)

Remark 29. Notice that r > 0.172.
The symplectic orbit of E3 is smaller than the previous ones by a
factor of four (because of its larger stabilizer), since we are looking
for a lower bound on the probability that a observable set E contains
at least one Ei , we may disregard this smaller orbit.
Furthermore, since all the Ei have distinct graphs, the intersection
of their symplectic orbit must be empty.
Remark 30. In the following Mk will be the set of all phase
space observable sets with k non-trivial observables. An observable set chosen uniformly at random from Mk will be denoted by E [k ].13
We will also consider a set E of phase space observables
of k non-trivial elements are chosen independently and uniformly at random. Notice that since the elements of E are chosen independently from each other, in general it will hold that
|E | ≤ k + 1. Equivalently one may think of E as chosen uniformly at random from the set M1 ∪ · · · ∪ Mk .
We will use the following notation throughout the rest of this section:
P(E ) := probability that ϕ(E ) is not SIC,


P E [k ] := probability that ϕ E [k ] is not SIC.
Our main theorem will be a bound on P(E [k ]). However, dealing
with objects such as E from Remark 30 is much simpler than dealing
with the objects E [k ] themselves. The following lemma provides the
link we need.
Lemma 9. Let E and
 E [k ] be observable sets as in Remark 30,
then P(E ) ≥ P E [k ] .
Proof. Notice that P(E ) only depends on the size |E |, so that


P E : |E | = k + 1 = P E [k ] ,

where P E : |E | = k + 1 denotes the probability that ϕ(E ) is not
SIC conditioned on E having k non-trivial observables. Furthermore,
13 Recall that by assumption all observable sets contain the identity. Therefore

|E [k]| = k + 1.
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notice that by construction if k1 ≤ k2 then


P E [k1 ] ≥ P E [k2 ] .
From this it follows that
k

P(E ) =

Prob(|E | = k0 + 1) P
∑
0



E [k0 ] ≤ P E [k] ,

k =1

where Prob(|E | = k0 + 1) denotes the probability that E has k0 nontrivial observables.
Theorem 8. Consider n ≥ 3 qubits. Let E [k ] be given as in
Remark 30, and r given as in Lemma 8. Then, for any m ≤ k/4,

P E [k ] < (1 − 2pr )m

(4.29)

where p > (1 − 22−2n )3 .
Remark 31. Notice that p is exponentially close to one in terms
of n. For n = 5 it may be checked that (1 − 2pr )m < 0.67m .

Proof. First, using Lemma 9 one obtains P E [k ] ≤ P(E ) for an E
constructed as in Remark 30.
Let us revist the construction of E . For this one chooses a list of
k vectors independently and uniformly at random from phase space
L := {v1 , ..., vk }. The list L may have some repeated vectors, i.e. it
may be the case that vi = v j for some i 6= j. Finally, the non-trivial
observables in E are defined to be the elements in L, in general that
|E | ≤ k + 1.14
Now, consider the following sublists of L:

L(1) = {v1 , ..., v4 },
L(2) = {v5 , ..., v8 },
..
.
L(m) = {v4m−4 , ..., v4m }.
The probability that for any given i, L(i ) contains four distinct vectors
is given by
p :=

(22n − 1)(22n − 2)(22n − 3)
> (1 − 22−2n )3 .
3
2n
2

14 Again recall that E includes the identity as well.

(4.30)
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Let E (i ) be the set of observables corresponding to the list L(i ). It is
easy to see that E (1) ∪ · · · ∪ E (m) ⊂ E which itself implies that


ϕ E (i ) is SIC for some i =⇒ ϕ(E ) is SIC.

(4.31)

In particular if any E (i ) is a Clifford transform of E1 , E2 or E3 (see
equation (4.9)) then E is SIC.
From Lemma 8 it follows that if we condition on E (i ) having four
non-trivial observables, the probability that it is a Clifford transform
of either E1 or E2 is larger than 2r. (We may use Lemma 8 because
n ≥ 3 by assumption.)
Basic probability calculus together with equation (4.30) shows that
the probability that E (i ) is a Clifford transform of either E1 or E2 is
larger than 2pr (without any condition on |E (i )|). Rephrasing: the
probability that ϕ(E (i )) is not SIC is smaller than 1 − 2pr.
Notice that the probability that ϕ(E (i )) is SIC is independent from
the probability that ϕ(E ( j)) is SIC, for i 6= j. Therefore, the probability
that all ϕ(E (i )) are non-SIC is upper bounded by

(1 − 2pr )m .
Because of equation (4.31) this implies that P(E ) < (1 − 2pr )m . Finally,
because of Lemma 9 this argument implies that
P(E [k ]) < (1 − 2pr )m .

A few concluding remarks regarding this theorem are in order.
First, notice that the probabilistic bound derived here is expected not
to be tight, indeed we used a particular partition of E into subsets of
size four and considered the probability that no element E (i ) of that
particular partition was a Clifford transform of either E1 or E2 .
Second, and importantly, this bound only takes into account the possibility that SIC arises from Clifford transforms of the Mermin-Peres square.
The fact that this bound is so severe —-exponentially small—- would
seem to lead to the intuition that Mermin-Peres square forms part of
most state independent proofs of contextuality in phase space. This
intuition, however, does not necessarily hold because the set of choices
of E is 2|V | , a double exponential in n. This grows exponentially faster
than how the probability in Theorem 8 falls off.
Third, notice that the theorem addresses the probability that the
closure of E is SIC. There seems to be a special role of ϕ in this proof.
For instance, if one did not use it, one would need to partition E into
sets of size nine instead of four. Let M9 be the set of observable sets
with nine non-trivial observables, the size of this set scales as

|M9 | ∼ 218n /9!.
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This is much larger than the symplectic orbit of the Mermin-Peres
square, therefore our proof technique would fail without the presence
of ϕ. The problem of whether there exists a proof of ‘SIC with high
probability’ which does not require the use of ϕ remains open. Even
though the preceding argument involving |M9 | seems discouraging,
one must recall the first and second remarks given above: the bound
given by Theorem 8 is far from tight. Therefore it is plausible that
our theorem may be extended to more general classes of phase space
observables sets.

4.3 result: ising-like sic witness
In this section we provide a witness for state independent contextuality (SIC) of qubit phase space observables. The witness has a form
similar to a classical Ising Hamiltonian, but with three-body instead
of two-body interactions. This witness is inspired by a much more
general, but also rather more complex, witness provided recently by
Adan Cabello et al. [18]. In the reference the authors provide a necessary and sufficient condition for a set of observables to be SIC based
on an optimization problem.
The witness provided here is rather similar to that of [18]; however, by restricting to qubit phase space observables we are able to
find a simpler criterion that is necessary and sufficient for SIC. Explicitly, the observable set is SIC if and only if the Ising-like Hamiltonian witness is frustrated. Using results from a recent cohomological
formalism [70], we further prove that for closed observable sets the
Hamiltonian is ferromagnetic if and only if the observable set does
not admit an NCVA.
In addition, we provide some numerical calculations of the groundstate energy of the Hamiltonian witness for observable sets of two
qubits.
For simplicity,
throughout this section I will abbreviate λ(v) =

λ T (v) . Again, displacement operators will be in the Pauli gauge
throughout (see equation (2.20)).
4.3.1

The Witness

Consider an observable set E , and let I2 be the set of two dimensional
contexts in E . One may find a function
β : E × E → Z2
such that
T ( a) T (b) = (−1) β(a,b) T ( a + b).
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for all two dimensional contexts { a, b, a + b}.15 Since in the Pauli
gauge all displacement operators are Hermitian, they must square
to one and hence we may write

(−1) β(a,b) T ( a) T (b) T ( a + b) = 1.
Because of equation (4.3), this implies that any NCVA for E must
satisfy

(−1) β(a,b) λ( a)λ(b)λ( a + b) = 1,

(4.32)

for all two dimensional contexts { a, b, a + b}. Since these are the only
conditions that λ is subject to, the information of whether E is SIC is
fully contained in the function β( a, b) [70].
This motivates the following definition of an Ising-like witness. The
underlying hypergraph for the model is one where the vertices are the
vectors in E \ {1} and the hyperedges are the two dimensional contexts, I2 . On the vertices of this hypergraph there will be a classical
spin field,
ζ : E → ±1.
The Hamiltonian witness we propose is the following
HW (ζ ) = −

∑

(−1) β(a,b) ζ ( a)ζ (b)ζ ( a + b).

(4.33)

hyperedges
{ a, b, a+b}

Since every term in the Hamiltonian evaluates to either ±1, the groundstate energy is necessarily greater or equal than −|I2 |.
Remark 32. We will say that the Hamiltonian is unfrustrated if
its groundstate ζ 0 minimizes every term in (4.33). Otherwise
it is said to be frustrated. Furthermore, we will say that HW is
ferromagnetic if β = 0 for all terms.
Theorem 9. Let HW be the Hamiltonian associated with the
observable set E as above. HW is not frustrated if and only if E
admits an NCVA.
Proof. This follows directly from the fact that, by construction, the
groundstate of the Hamiltonian is an NCVA if and only if it minimizes every term in the Hamiltonian independently. By definition,
this happens when HW is not frustrated.
Remark 33. This Hamiltonian would become a necessary and
sufficient witness for SIC if the latter is proven to be equivalent
to the non-existence of an NCVA. This problem is left open in
15 Since T ( a) and T (b) commute, notice that β is symmetric.
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this thesis. As it stands at the moment, HW is only a sufficient
witness for SIC: frustration of HW implies SIC.
A beautiful connection to the topological formulation of contextuality introduced in [70] is expressed by the following lemma. Its proof
requires a few technical details from the topological formalism of [70].
We decide to omit these details in the interest of space.
Lemma 10. Let E be a closed set of phase space observables. If
E is not SIC, HW may be chosen to be ferromagnetic by a gauge
transformation of the displacement operators.
Proof. Since E is not SIC, it must admit an NCVA, say λ. By Lemma
2 in [70], there exists an appropiately defined exterior differential operator d such that β = dλ. Furthermore, by the results in Section 4.2
of the reference, if two beta functions β and β0 differ by such an exact
differential, then their parent observable sets are related by a gauge
transformation of the displacement operators.
Therefore, one may change β → β0 = 0 by a gauge transformation,
and the Hamiltonian becomes ferromagnetic.
This, together with theorem 9, leads to a nice intuition that the
Ising-like Hamiltonian (4.33) has an unfrustrated ferromagnetic phase
just as the usual Ising Hamiltonian.
4.3.2

Some Numerics on Two Qubits

To conclude this section, I provide some numerical results on observable sets over two qubits. These results serve as a simple example
which shows the interplay between the groundstate energy of HW
and the presence of SIC. For convenience I have chosen to renormalize the Hamiltonian to
H̃W = 1 +

1
HW ,
# of Contexts

(4.34)

so the groundstate energy of H̃W is zero if it is not frustrated. The
energy as a function of the number of contexts in the observable set
is shown in Figure 4.7.
In Figure 4.7 one sees, as expected, that the Mermin-Peres square
is the smallest observable set which is associated with a frustrated
Hamiltonian. Furthermore, from the figure it is apparent that there
exists no two-qubit observable set with 11, 13 or 14 contexts. This
is simply a combinatorial coincidence due to the small number of
qubits.
Observable sets with a large number of contexts, specifically > 8,
are always SIC. Since the total number of contexts in a two qubit

4.3 result: ising-like sic witness

Figure 4.7: Groundstate energy (GSE) of H̃W as a function of the number of
contexts in the observable sets. Notice that the maximum number
of contexts for two qubits is 15, this follows from Theorem 20
in [46]. The point corresponding to the Mermin-Peres square and
Clifford transforms of it is marked with a green arrow.

Figure 4.8: The number of non-trivial observables in a observable set in
terms of the number of contexts it contains.
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phase space is fixed, we may say (rather informally) that the observable sets with high density of contexts are SIC.
This observation nicely complements the main result from Section 4.2. Recall that in that section we proved that the closure of a
large observable set is state-independently contextual with high probability.
By construction the closure ϕ(E ) of some observable set E will
contain more two-dimensional contexts than the original set. Given
that the closure map ϕ seems to play an important role in our proof
of Theorem 8, this suggests that observable sets with many contexts
tend to be SIC. In other words, |I2 | seems to play an important role
in whether E is SIC or not.
In hindsight, this is natural to expect: the number of two dimensional contexts is equal to the number of consistency equations (4.3)
that any NCVA must satisfy.
Let us examine more closely the maximal sets which admit an
NCVA, these have twelve non-trivial observables. To see this, one
may examine Figure 4.8 and notice that any E with more than twelve
non-trivial elements must have at least nine contexts —all two-qubit
observable sets with at least nine two-dimensional contexts are SIC.
Not all of these sets admit an NCVA. To clarify which of them do
admit an NCVA, we need to dig a bit deeper.
Sets E with 12 non-trivial observables are separated into 5 orbits of
the Clifford group, labeled Ω1 , ..., Ω5 . See Table 4.1 for their sizes.16
These sizes add up to 455 = 15 · 14 · 13/3!, as it should: this corresponds to the number of choices of 12 out of 15 non-trivial phase
space observables.
Name

Size

Ω1

180

Ω2

180

Ω3

60

Ω4

20

Ω5

15

Table 4.1: Clifford equivalence classes of sets of twelve non-trivial points in
phase space. The first column lists the name with which these
families will be referred to in the text.

As has been argued in Section 4.2, if one observable set E admits an
NCVA, then so does any Clifford transform of it. Therefore, we only
need to determine which Ωi ’s admit an NCVA. These are Ω2 , Ω3 , Ω5 .
In the following we provide an example of an observable set in each
one of these orbits.
16 These orbits were calculated computationally. The output of the program was a list
of the elements of the orbit.
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First, consider an observable set in Ω2 ,
n
o
E = Z1 , Z2 , X1 , X2 , Y1 , Y2 , ZX, XZ, XY, YX, ZZ, YY .
The two dimensional contexts contained in this observable set are the
following


Z1 ,

Z2 ,

ZZ



Y1 ,

Y2 ,

YY



ZX, XZ, YY



XY, YX, ZZ



X1 ,

Z2 ,

XZ



Z1 ,

X2 ,

ZX



X1 ,

Y2 ,

XY



Y1 ,

X2 ,

YX

.

It is easy to check that taking the product of the operators in any of
these contexts one gets 1, so that the set admits the trivial NCVA
λ : E → +1.
Although this observable set is not closed, one may verify that it has
a ferromagnetic Hamiltonian witness: for every two dimensional context { a, b, a + b} in E it holds that β( a, b) = 0.
An element of Ω3 is
n
o
E = Z1 , Z2 , X1 , X2 , Y1 , Y2 , XZ, ZX, YX, YZ, XX, ZZ .
The two dimensional contexts within this observable set are


Z1 ,



X1 , X2 , XX



X1 , Z2 ,



Z1 , X2 , ZX



Y1 ,

X2 , YX



Y1 ,

Z2 ,

Z2 ,

ZZ
XZ

YZ

.

A mildly interesting fact about this family is that the element Y2 is
part of no context so that only eleven spins, instead of twelve, contribute to the groundstate energy of HW . Again, a closer look at these
two dimensional contexts allows one to verify that HW is ferromagnetic.
And finally an element of Ω5 is
n
o
E = X1 , X2 , Y1 , Y2 , XY, YX, XX, YY, XZ, ZX, YZ, ZY .
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The list of two dimensional contexts is


X1 ,

X2 ,

XX



Y1 ,

Y2 ,

YY



X1 ,

Y2 ,

XY



Y1 ,

X2 ,

YX



ZX, XZ, YY



ZY, YZ, XX



XY, ZX, YZ



YX, XZ,

ZY

.

With respect to this gauge, this Hamiltonian is not ferromagnetic as
the β function does not vanish in the last two contexts. Again, this
set is not closed so there would be no a priori reason to expect the
Hamiltonian to be ferromagnetic. Nevertheless, one may choose a
gauge in which this happens, the gauge Ξ corresponds to17

Ξ( XZ ) = Ξ( ZX ) = 2;

Ξ( A) = 0

∀ A 6= XZ, ZX.

17 See Definition 2 for a definition of a gauge.

5

CONCLUSIONS

In this thesis we have studied two forms of non-classicality which
are known to have close relations to quantum computing: negative
quasiprobability and contextuality.
As regards negative quasiprobability, we have proven a no-go theorem ruling out the existence of qubit real-Clifford-covariant phase
space representations (Theorem 6). We have further strengthened this
result in Theorem 7. These results forbid the interpretation of negative quasiprobability in phase space representations as a necessary
resource for quantum computing.
More specifically, these theorems may be seen as extensions of the
no-go result presented in [92]. Together with the latter, they serve as a
proof of the impossibility of qubit analogues of the qudit constructions
introduced in [84]. Such constructions extend the Gottesman-Knill
theorem [45] and have been even used to build a fully-fledged resource theory of qudit quantum computation with magic states [85].
The result presented here acts also as a restriction to generalizations of the real-qubit computational model presented in [33].
As regards contextuality, we have also shown two original results.
First, that SIC is generic within large closed sets of phase space measurements (Theorem 8). This genericity has a close connection to the
Mermin-Peres square [67, 72] and the closure map. We have also provided a detailed analysis of the latter, which has not been done elsewhere in the literature.
Second, we have derived a simple new Hamiltonian witness that
detects SIC in phase space observable sets through frustration (Theorem 9). The Hamiltonian has a structure similar to an Ising Hamiltonian, except for the presence of three-body instead of two-body
interactions. Lemma 10 further provides a connection to a recent cohomological formulation of contextuality [70]: the Hamiltonian associated to a closed observable set which is not SIC can be chosen to be
ferromagnetic.
Our results are relevant to understanding what is a resource for
magic state quantum computing over qubits. They are also interesting
in their own right on other aspects.
Chapter 4 fits into the program of understanding contextuality
from a geometrical point of view [1, 8, 19, 64, 70, 73]. Furthermore,
Chapter 3 might be of interest to the quantum foundations community. This is because quasiprobability representations provide a natural way of embedding the classical world into quantum mechanics,
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and negative quasiprobability may be seen as an indicator of truly
quantum behaviour (see for example [32, 93]).
5.0.1

Future Work

A clear line for future investigation is the proof or disproof of the
conjecture presented in Remark 23 in Chapter 4. This conjecture proposes a relation between the problems tackled in Chapter 3 and stateindependent contextuality.
Beyond that, the following points would be of direct interest in
future research:
1. Is there some group U satisfying1 CCSS < U < RC such that
there is a U -covariant phase space representation? What are the
maximal such groups?
2. Is there a quasiprobability representation which is Clifford covariant and is composed of a small number of HW orbits? What
is the minimal number of HW orbits necessary for this?
3. Can one prove the genericity of SIC for observable sets which
are not necessarily closed? How can one build such a proof
without resorting to the closure map?
4. Is there a simple way of predicting when the Hamiltonian HW
is frustrated?

1 Recall that CCSS is the CSS-ness preserving group and RC is the real Clifford group.

BIBLIOGRAPHY

[1]

Samson Abramsky and Adam Brandenburger. “The sheaf-theoretic
structure of non-locality and contextuality.” In: New Journal of
Physics 13.11 (2011), p. 113036 (cit. on pp. 64, 70, 85).

[2]

Antonio Acin, Nicolas Brunner, Serge Massar, Stefano Pironio,
and Valerio Scarani. “Device-independent security of quantum
cryptography against collective attacks.” In: Physical review letters 98.23 (2007) (cit. on pp. 56, 60).

[3]

Antonio Acin, Nicolas Gisin, and Lluis Masanes. “From Bell’s
theorem to secure quantum key distribution.” In: Physical review
letters 97.12 (2006) (cit. on pp. 56, 60).

[4]

E Amselem, M Bourennane, C Budroni, Adan Cabello, O Gühne,
M Kleinmann, J-A Larsson, and M Wiesniak. “Comment on
“State-independent experimental test of quantum contextuality
in an indivisible system?”” In: Physical review letters 110.7 (2013),
p. 078901 (cit. on p. 56).

[5]

Hussain Anwar, Earl T Campbell, and Dan E Browne. “Qutrit
magic state distillation.” In: New Journal of Physics 14.6 (2012),
p. 063006 (cit. on p. 2).

[6]

Cahit Arf. “Untersuchungen ueber quadratische Formen in Koerpern der Charakteristik 2. (Teil I.).” In: Journal fuer die reine
und angewandte Mathematik 183 (1941), pp. 148–167 (cit. on p. 15).

[7]

Eric Bach. “Sheaf cohomology is sharp-P-hard.” In: Journal of
Symbolic Computation 27.4 (1999), pp. 429–433 (cit. on p. 70).

[8]

Kerstin Beer. Contextuality and Cohomology, Master’s Thesis. Gottfried Wilhelm Leibniz University Hanover, 2017 (cit. on pp. 64,
85).

[9]

John S Bell. “On the problem of hidden variables in quantum
mechanics.” In: Reviews of Modern Physics 38.3 (1966), p. 447 (cit.
on pp. 55, 56).

[10]

Ingemar Bengtsson and Karol Zyczkowski. “On discrete structures in finite Hilbert spaces.” In: arXiv preprint arXiv:1701.07902
(2017) (cit. on p. 10).

[11]

Juan Bermejo-Vega, Nicolas Delfosse, Dan E Browne, Cihan
Okay, and Robert Raussendorf. “Contextuality as a resource for
qubit quantum computation.” In: arXiv preprint arXiv:1610.08529
(2016) (cit. on p. 56).

87

88

bibliography

[12]

Beverly Bolt, Thomas G Room, and Gordon E Wall. “On the
Clifford collineation, transform and similarity groups. I.” In:
Journal of the Australian Mathematical Society 2.1 (1961), pp. 60–79
(cit. on pp. 11, 12, 18, 19).

[13]

Beverly Bolt, Thomas G Room, and Gordon E Wall. “On the
Clifford collineation, transform and similarity groups. II.” In:
Journal of the Australian Mathematical Society 2.1 (1961), pp. 80–
96 (cit. on pp. 11, 17–19, 22, 39, 46).

[14]

Sergey Bravyi and Jeongwan Haah. “Magic-state distillation
with low overhead.” In: Physical Review A 86.5 (2012) (cit. on
pp. 1, 2).

[15]

Sergey Bravyi and Jeongwan Haah. “Magic-state distillation
with low overhead.” In: Physical Review A 86.5 (2012), p. 052329
(cit. on p. 2).

[16]

Sergey Bravyi and Alexei Kitaev. “Universal quantum computation with ideal Clifford gates and noisy ancillas.” In: Physical
Review A 71.2 (2005), p. 022316 (cit. on p. 2).

[17]

Adán Cabello, Matthias Kleinmann, and Costantino Budroni.
“Necessary and sufficient condition for quantum state-independent
contextuality.” In: Physical review letters 114.25 (2015), p. 250402
(cit. on p. 56).

[18]

Adán Cabello, Matthias Kleinmann, and Costantino Budroni.
“Necessary and sufficient condition for quantum state-independent
contextuality.” In: Physical review letters 114.25 (2015), p. 250402
(cit. on p. 78).

[19]

Adan Cabello, Simone Severini, and Andreas Winter. “Graphtheoretic approach to quantum correlations.” In: Physical review
letters 112.4 (2014), p. 040401 (cit. on p. 85).

[20]

A Robert Calderbank, Peter J Cameron, William M Kantor, and
Johan J Seidel. “Z 4-Kerdock codes, orthogonal spreads, and extremal Euclidean line-sets.” In: Proceedings of the London Mathematical Society 75.2 (1997), pp. 436–480 (cit. on p. 41).

[21]

A Robert Calderbank, Eric M Rains, Peter W Shor, and Neil JA
Sloane. “Quantum error correction and orthogonal geometry.”
In: Physical Review Letters 78.3 (1997), p. 405 (cit. on pp. 1, 22).

[22]

PJ Cameron. Notes on classical groups. School of Mathematical
Sciences, Queen Mary and Westfield College, 2000 (cit. on pp. 9–
11, 13, 72).

[23]

Earl T Campbell, Hussain Anwar, and Dan E Browne. “Magicstate distillation in all prime dimensions using quantum reedmuller codes.” In: Physical Review X 2.4 (2012), p. 041021 (cit. on
p. 2).

bibliography

[24]

P Carruthers and F Zachariasen. “Quantum collision theory
with phase-space distributions.” In: Reviews of Modern Physics
55.1 (1983), p. 245 (cit. on p. 25).

[25]

S Chaturvedi, E Ercolessi, G Marmo, G Morandi, N Mukunda,
and R Simon. “Wigner–Weyl correspondence in quantum mechanics for continuous and discrete systems: a Dirac-inspired
view.” In: Journal of Physics A: Mathematical and General 39.6
(2006), p. 1405 (cit. on p. 25).

[26]

Rafael Chaves. “Entropic inequalities as a necessary and sufficient condition to noncontextuality and locality.” In: Physical
Review A 87.2 (2013), p. 022102 (cit. on p. 56).

[27]

John F Clauser, Michael A Horne, Abner Shimony, and Richard
A Holt. “Proposed experiment to test local hidden-variable theories.” In: Physical review letters 23.15 (1969), p. 880 (cit. on p. 59).

[28]

John F Clauser and Abner Shimony. “Bell’s theorem. Experimental tests and implications.” In: Reports on Progress in Physics
41.12 (1978), p. 1881 (cit. on p. 60).

[29]

O Cohendet, Ph Combe, M Sirugue, and M Sirugue-Collin. “A
stochastic treatment of the dynamics of an integer spin.” In:
Journal of Physics A: Mathematical and General 21.13 (1988), p. 2875
(cit. on p. 25).

[30]

Keith Conrad. Lecture on Group Theory, Transitive Group Actions.
Mathematics Department, University of Connecticut, 2017 (cit.
on p. 39).

[31]

Cecilia Cormick, Ernesto F Galvao, Daniel Gottesman, Juan Pablo
Paz, and Arthur O Pittenger. “Classicality in discrete Wigner
functions.” In: Physical review A 73.1 (2006), p. 012301 (cit. on
p. 35).

[32]

John B. DeBrota and Christopher A. Fuchs. “Negativity Bounds
for Weyl–Heisenberg Quasiprobability Representations.” In: Foundations of Physics 47.8 (Aug. 2017), pp. 1009–1030 (cit. on pp. 29,
86).

[33]

Nicolas Delfosse, Philippe Allard Guerin, Jacob Bian, and Robert
Raussendorf. “Wigner function negativity and contextuality in
quantum computation on rebits.” In: Physical Review X 5.2 (2015),
p. 021003 (cit. on pp. 3, 30, 36, 51, 52, 56, 70, 85).

[34]

Nicolas Delfosse, Cihan Okay, Juan Bermejo-Vega, Dan E Browne,
and Robert Raussendorf. “Equivalence between contextuality
and negativity of the Wigner function for qudits.” In: arXiv
preprint arXiv:1610.07093 (2016) (cit. on pp. 2, 57, 58).

[35]

Albert Einstein, Boris Podolsky, and Nathan Rosen. “Can quantummechanical description of physical reality be considered complete?” In: Physical review 47.10 (1935), p. 777 (cit. on pp. 55, 56).

89

90

bibliography

[36]

Christopher Ferrie. “Quasi-probability representations of quantum theory with applications to quantum information science.”
In: Reports on Progress in Physics 74.11 (2011), p. 116001 (cit. on
pp. 25, 35).

[37]

Christopher Ferrie and Joseph Emerson. “Framed Hilbert space:
hanging the quasi-probability pictures of quantum theory.” In:
New Journal of Physics 11.6 (2009), p. 063040 (cit. on pp. 26, 29).

[38]

Gerald B Folland. Harmonic Analysis in Phase Space.(AM-122).
Vol. 122. Princeton university press, 1994 (cit. on p. 25).

[39]

Keisuke Fuji. Quantum Computation with Topological Codes. Springer
Verlag, 2015 (cit. on pp. 1, 3, 51).

[40]

Kathleen S Gibbons, Matthew J Hoffman, and William K Wootters. “Discrete phase space based on finite fields.” In: Physical
Review A 70.6 (2004), p. 062101 (cit. on pp. 32, 35).

[41]

Marissa Giustina, Marijn AM Versteegh, Soren Wengerowsky,
Johannes Handsteiner, Armin Hochrainer, Kevin Phelan, Fabian
Steinlechner, Johannes Kofler, Jan-ake Larsson, Carlos Abellan,
et al. “Significant-loophole-free test of Bell’s theorem with entangled photons.” In: Physical review letters 115.25 (2015), p. 250401
(cit. on p. 55).

[42]

Daniel Gorenstein. Finite groups. Vol. 301. American Mathematical Soc., 2007 (cit. on p. 7).

[43]

Daniel Gottesman. “An introduction to quantum error correction and fault-tolerant quantum computation.” In: Quantum information science and its contributions to mathematics, Proceedings
of Symposia in Applied Mathematics. Vol. 68. 2009, pp. 13–58 (cit.
on pp. 19, 51).

[44]

Daniel Gottesman. “Stabilizer codes and quantum error correction.” In: arXiv preprint quant-ph/9705052 (1997) (cit. on p. 1).

[45]

Daniel Gottesman. “The Heisenberg representation of quantum
computers.” In: arXiv preprint quant-ph/9807006 (1998) (cit. on
pp. 1, 34, 51, 85).

[46]

David Gross. “Hudson’s theorem for finite-dimensional quantum systems.” In: Journal of mathematical physics 47.12 (2006),
p. 122107 (cit. on pp. 1, 3, 19, 25, 32, 33, 81).

[47]

Brian C Hall. Quantum theory for mathematicians. Vol. 267. Springer,
2013 (cit. on p. 7).

[48]

Eric J Heller. “Wigner phase space method: Analysis for semiclassical applications.” In: The Journal of Chemical Physics 65.4
(1976), pp. 1289–1298 (cit. on p. 25).

bibliography

91

[49]

Bas Hensen, Hannes Bernien, Anais E Dreau, Andreas Reiserer, Norbert Kalb, Machiel S Blok, Just Ruitenberg, Raymond
FL Vermeulen, Raymond N Schouten, Carlos Abellan, et al.
“Loophole-free Bell inequality violation using electron spins
separated by 1.3 kilometres.” In: Nature 526.7575 (2015), pp. 682–
686 (cit. on p. 55).

[50]

Mark Howard, Joel Wallman, Victor Veitch, and Joseph Emerson. “Contextuality supplies the magic for quantum computation.” In: 2015 IEEE International Symposium on Multiple-Valued
Logic (ISMVL). IEEE. 2015, pp. 96–96 (cit. on pp. 2, 56, 70).

[51]

Robin L Hudson. “When is the Wigner quasi-probability density non-negative?” In: Reports on Mathematical Physics 6.2 (1974),
pp. 249–252 (cit. on p. 25).

[52]
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